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ON COUPLED SYSTEMS OF KOLMOGOROV EQUATIONS WITH 
APPLICATIONS TO STOCHASTIC DIFFERENTIAL GAMES 

DAVIDE ADDONA, LUCIAN A ANGIULI, LUCA LORENZI AND GIANMARIO TESSITORE 


Abstract. We prove that a family of linear bounded evolution operators (G (t, s))t> S £i can be 
associated, in the space of vector-valued bounded and continuous functions, to a class of systems 
of elliptic operators A with unbounded coefficients defined in I X R d (where I is a right-halfline 
or I = R) all having the same principal part. We establish some continuity and representation 
properties of (G (t, -s ))/,>„(= / and a sufficient condition for the evolution operator to be compact in 
C;, (R d ; R m ). We prove also a uniform weighted gradient estimate and some of its more relevant 
consequence. 


1. Introduction 

In recent years, the study of second-order elliptic operators with unbounded coefficients has been 
object of increasing interest since they appear in many models of probability and mathematical 
finance. Whereas the theory of Kolmogorov equations is well developed in the scalar case, as the 
considerable literature shows (see e.g., [5] and the references therein), the case of systems of equations 
is nowadays at a preliminary level. 

In this paper, we consider a family of nonautonomous second-order uniformly elliptic operators 
A (having all the same principal part), defined on smooth functions w : —> R m by 

d d 

(A(t)w)(x) = ^2 %)D‘ii'w{x) + y: Bj(t, x)Djw(x) + C(t, x)w(x), (1.1) 

i,j=l j =1 

for any t £ I (/ being a right-halfline or I = R) and x &M. d . In (II. ID . the entries Qij of the matrix¬ 
valued function Q are smooth functions, possibly unbounded, whose associated quadratic form is 
positive definite, namely infj xR d \g(t,x) is positive, where A g(t,x) is the minimum eigenvalue of 
the matrix Q(t, x). As far as Bj and C are concerned, they are m x m matrices whose elements are 
smooth enough and possibly unbounded real valued functions (see Hypotheses 12.11) . 

We deal with the parabolic Cauchy problem associated to A in Gh(M d ; M m ), i.e., we look for a 
locally in time bounded classical solution u = (u±, 112 , ■ ■ •, u m ) of the system 

f D t u(t,x) = (Au)(t,x), (t,x) £ (s,+oo) x R d , 

( u(s, x) = f(x), x £ R d , 

where s £ I and f £ Gb(M d ;M m ). By a locally in time bounded classical solution of (ED we mean 
a function u £ C 1,2 ((s,+oo) x M^jlR” 1 ) D Cb([s,T] x R d ;K m ) satisfying (11.21) and bounded in each 
strip [s,T] x R d . 

As already noticed, the theory of linear systems of Kolmogorov equations is at a preliminary 
level. In EE the simpler case of weakly coupled equations (i.e., Bj(t,x) = bj(x)I m for any 
(f, x) £ I x R d , j = 1,..., d and some real valued function bj) is considered. More precisely, in [T21 - 
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the analysis is carried over in the space of vector-valued bounded and continuous functions, whereas 
in m also the L p -setting is studied, assuming that the diffusion coefficients are bounded. Very 
recently, taking advantage of some results contained in this paper, the L p -theory has been extended 
also to first-order coupled systems as in (HU) (see El)- 

This paper is devoted to keep on the analysis started in [12] aiming at considering more general 
system than those studied in m ■ In our case, the presence of a first order term as in HU, where 
the first partial derivatives of all the components of u are mixed together, makes the problem quite 
involved and already the unique solvability of the problem HU is a not trivial question. Indeed, the 
method used in [12] takes strongly into account the special structure of the equations and can not be 
immediately adapted to our situation. To overcome this difficulty, we provide two sets of assumptions 
(see Hvpovheses l2.2l and l2.3l) which yield uniqueness of a locally in time bounded solution to problem 
HU- Under Hvnotheses l2.2l we extend to our situation the method used by Kresin and Maz’ia in [23] 
in the case of bounded coefficients. Such assumptions reduce to those assumed in m in the case of 
weakly coupled equations and represent the natural generalization to the vector case of those typically 
assumed in the case of a single equation. On the other hand, Hypotheses 12. 31 allows to get uniqueness 
of the solution u as above by a comparison argument: we show that u can be estimated pointwise 
from above by G(t , s)|f| 2 , where G(t, s ) is the evolution operator associated to the elliptic operator 
A(t) = Tr(QD 2 ) + (b, V) in Cb(R d ) and b = (&i,... ,bd) represents the diagonal part of the drift 
matrices Bj. Indeed, we limit ourselves to considering the case when Bj(t , x ) = bj(t, x)I m + Bj(t, x) 
for any (t, x) £ I x R d , any j = 1,..., d and some bj £ G^/ 2 ’ a (I x R d ) and Bj £ G^/ c 2 ’ a (I x R d ; R m ). 
Once uniqueness is guaranteed, the existence of a classical solution of the problem HU is then proved 
by some compactness and localization argument based on interior Schauder estimates recalled in the 
Appendix. Hence, under the previous assumptions, we can associate an evolution operator G(t,s) 
to A in R m ), i.e., for any f £ Cb(R d ; R m ), G(-,s)f represents the unique locally in time 

bounded classical solution to HU, which satisfies ||G(£, s)f||oo < c Sj T||f||oo for any t > s £ /, and 
some positive constant c Sj t- 

The next (natural) step in our investigation consists in proving some continuity properties of the 
evolution operator, which hold in the scalar case. In particular, an integral representation formula, 
in terms of some finite Borel measures, is available for G(£, s). More precisely, for any i = 1,..., m, 
t > s £ I and x £ R d , there exists a family { Pij(t , s, x , dy ) : j = 1,..., m} of finite Borel measures 
such that 

m . 

(G(t,«)f) 4 (x)= V / fj(y)pij(t, s, x, dy), feC b (R d ;R m ). (1.3) 

i=i jRd 

Formula HU allows to extend the evolution operator G(£, s) to the space of bounded Borel vector¬ 
valued functions and to prove the strong Feller property for G(£, s ). With some considerable efforts, 
we prove that the measures Pij(t , s, x, dy) are absolutely continuous with respect the Lebesgue mea¬ 
sure. One of the main difficulty is represented by the fact that, differently from the scalar case, 
Pijit , s, x , dy) are signed measures. 

In Section |4l we use the pointwise estimate of |G(f, s)f| 2 in terms of G(£, s)|f| 2 to prove that 
the compactness of G(t,s) in Cb{ R d ) is a sufficient condition for the compactness of G(f, s) in 
Gb(R d ;R m ). To prove the quoted estimate, besides the standard regularity assumptions on the 
coefficients of A, the just mentioned assumption on the drift matrices Bj (j = 1,..., d) and the 
existence of a Lyapunov function for the operator A(t), we impose that all the entries of the matrices 
Bj (j = 1 ,...,d) can grow no faster than Ag, for some a £ (0,1), and that the quadratic form 
associated to the potential C is bounded from above. 

Section[5]is devoted to prove a weighted gradient estimate for the function G(£, s)f. More precisely, 
under suitable assumptions (see Hypotheses 15.11) , which are essentially growth and algebraic condi¬ 
tions on the coefficients of the operator A, their derivatives and the positive definite (£, a:)-dependent 
matrix M, we show that the map M(J X G(-, s)f) T is continuous and bounded in (s, T ] x R d and that 
for any T > s £ I there exists a positive constant C St T such that 


\\M(J x G(t, ^fflU < C 8 , T (t - a) —1/2 1| f || oo 


t £ (s,T), 


(1.4) 


ON COUPLED SYSTEMS OF KOLMOGOROV EQUATIONS 


3 


for any f £ Cb(R ,R m ). Unweighted uniform gradient estimates are classical when the coefficients 
of A are bounded and have been recently extended in the scalar case (see e.g., [3] 0] ill (23 [22) to 
the case of unbounded coefficients. On the other hand, weighted gradient estimates seem to be new 
also in the scalar case. We stress that we can allow M(t , •) to grow at most linearly at infinity. This 
condition could seem too restrictive, but as the classical case of bounded coefficients shows in general, 
the gradient of the solution to problem E2> does not vanishes with polynomial rate as |x| —> +oo. 
Moreover, in view of the applications to stochastic differential games, this bound on the growth of 
M is not restrictive at all. Estimate E3J is obtained by adapting the Bernstein method (see 0), 
which has been already used in the case of a single elliptic equation with unbounded coefficients (see 
[23123) and in case of domain with sufficiently smooth boundary under Dirichlet and first-order, 
non tangential homogeneous boundary conditions (see mm- 

As a first application of we provide a sufficient condition for the compactness of the vector 

evolution operator G(f, s) in Cb(R d ;R m ) to imply the compactness of G(t,s) in C{,(R d ). The main 
step in this direction is the proof of the following representation formula of a component of G(f, s)f 
in terms of G(t, s ): 

(G(t,s)f)j(x) = {G(t,s)fj t )(x) + f (G(t,r)(§G(-,s)f(r, -))(x)dr, t>s£l,x£R d , (1.5) 

J S 

where SG(-, s)f = Y^i=i( row kBi, DiG(-, s)f) + (rowj-C, G(-, s)f) and rowj.Bi, row^C denote the k- 
row of the matrices Bi and C , respectively. To make formula m meaningful, we need to guarantee 
that the integral term is well defined. We prove this fact assuming that row^C is bounded for some 
k £ {1,..., m} and using (II.dD . 

The second (and more relevant for the applications) consequence of the gradient estimate is an 
existence result for the system of forward backward stochastic differential equations 

{ —dY T = H(t, X t , 7i t )(1t — Z T dW T , 
dX T = b(r, X T )dr + G(r, X T )dW T , 

Y T =g(X T ), 

X t = x, 

and identification formulae for the pair Y and Z in terms of the mild solution to a semilinear problem 
associated with an autonomous elliptic operator of the type ED- The main novelty lies in the fact 
that we do not assume that H is (globally) Lipschitz continuous as assumed in |34j ITT]: we just 
assume /3-Holder continuity (for some /3 £ (0,1)) with respect to the second set of variables, which 
is not uniform with respect to the other variables. 

The above identification formulae are, finally, used to prove the existence of a Nash equilibrium for 
a nonzero-sum stochastic differential game. We follow the approach of H2, where the coefficients of 
the controlled system are assumed to be bounded, and, as in our case, the diffusion is assumed to be 
independent of the control. The results in [T9] have been then extended to the infinite dimensional 
setting in m still assuming the coefficients of the controlled system to be bounded. Very recently, 
hr J22 the authors have proved the existence of a Nash equilibrium, relaxing the boundedness of the 
drift of the controlled system but still assuming the diffusion to be bounded. We stress that, in our 
situation we can allow the diffusion of the controlled system to be unbounded. 

Notation. Functions with values in R m are displayed in bold style. Given a function f (resp. a 
sequence (f„)) as above, we denote by ft (resp. /„.,) its i-th component (resp. the Z-th component 
of the function f„). By 3?£,(R d ; R m ) we denote the set of all the bounded Borel measurable functions 
f : R d —> R”\ For any k > 0, G^(R d ;R m ) is the space of all the functions whose components 
belong to C£( R d ), where the notation C k (R d ) (k > 0) is standard and we use the subscript “c” 
and for spaces of functions with compact support and bounded, respectively. Similarly, when 
k £ (0,1), we use the subscript “loc” to denote the space of all / £ C(R d ) which are Holder 
continuous in any compact set of R d . We assume that the reader is familiar also with the parabolic 
spaces C a/,2 ’ a (I x R d ) (a £ (0,1)) and C 1,2 (I x R d ), and we use the subscript “loc” with the same 
meaning as above. 


r e [f,T], 
r e [t,T], 


x £ 


( 1 . 6 ) 
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The Euclidean inner product of the vectors x,y G R d is denoted by (x,y). Square matrices of 

2 2 

size to are thought as elements of R m . For any M G R m , we denote by Mij, and roWjM , the 
ij -th element and the j -th row vector of the matrix M. By Tr(M) and M T we denote the trace of 
M and the transposed matrix of M. Finally, A m and A m indicate the minimum and the maximum 
eigenvalue of the (symmetric) matrix M. For any k G N, by Ik we denote the identity matrix of size 
k. When the matrix M depends on x (resp. (f, x)) we write A m(x) and A m{x) (resp. \M{t,x) and 
A M {t,x)) instead of X M (x) and A M(x ) (resp. A M (t,x) and AM(t,x))- 

By xa and ej we denote the characteristic function of the set A C R d and the j-th vector of the 
Euclidean basis of R m . Further, we set 11 = x R d. The open ball with center Xq and radius R > 0 
and its closure are denoted by Br(xq) and Bffix o); when Xq = 0 we simply write Br and Bn. For 
any interval J C M we denote by E j the set {(f, s) G J x J : t > s}. 

We set Aq = Tr {QD 2 ), A = Tr (QD 2 ) + (b, V x ) and denote by A the diagonal vector-valued 
operator whose TO-components coincide with A. Next, for any R > 0 we denote by G^(t, s) (resp. 
GJj(t, s)) and G^(t,s) (resp. G^(t, s)) the evolution operator associated with the realization of 
the operators A and A in Cb(Bn;R m ) and Cb(Bn ), respectively, with homogeneous Dirichlet (resp. 
Neumann) boundary conditions on 8Br. Finally, G(t, s) denotes the evolution operator associated 
to the operator A in Cb( R d ), whose existence has been proved in [25 j. 

2. Existence and uniqueness of locally in time bounded classical solutions to (11.21) 

Let I be an open right-halfline or I = R and let A be the system of elliptic operators defined in 
ED- In this section we prove that, for any s G I and any f G Cb(R d ;R m ) there exists a unique 
locally in time bounded classical solution to the Cauchy problem (11.21) . 

The following are standing assumptions that we will not mention anymore. 

Hypotheses 2.1. The coefficients Qij = Qji, ( Bi)hk and Chk belong to C^J 2 ' a (I x R d ), for any 
i,j = 1,..., d, h,k = 1,..., to. Moreover, Ao := inf/ xR d Aq > 0. 

In what follows we will consider, alternatively, two sets of assumptions. 

Hypotheses 2.2. (i) There exist e > 0 and a function n : I x R d —> R, bounded from above by 

a constant kq such that the function := Yli j=i(Q~ 1 )ij[(-^i r 1i r l)(Bj r ]^ T l) ~ ( B*rj,B*r ))] — 
4(Cj7, rj) + 4ek is nonnegative in I x R d for any rj G dB\ C M m ; 

(ii) for any bounded interval J C / there exist [ij G R and a positive ( Lyapunov) function tpj G 
C 2 (R d ) blowing up as |x| +00 such that sup^gg^ supj xR d(A^(/?j — \xjg>j) < +oo, where 

A v = Tr (QD 2 ) + (bjj, V x ) + 2 ek and b v j = {Bjy, rj) for j = 1,..., d. 

Hypotheses 2.3. (i) There exist functions bi G G^ c 2,a (I x R d ) and Bi G CjJ 2 ' a {I x R d ;R m ) 

such that Bi := bil m + Bi in I x R d for any i = 1,..., d and \(Bi)jk\ < £A q in I x R d , for any 
j, k = 1,..., to, i = 1,..., d and some locally bounded function £:/—>■(0, + 00 ) and a G (0,1); 

(ii) Hj := supj xR d(Ac + 4 _1 TO 2 d^ 2 Ag CT_1 ) < +00 for any bounded interval J C I; 

(iii) Hypothesis I2.2f n! is satisfied with A v being replaced by A = Tr (QD 2 ) + (b, V), where b = 
(&i,..., b m ). 

Remark 2.4. (i) Hypothesis 12.21 il can be replaced with the weaker requirement that is 

bounded from below in J x R d , uniformly with respect to r) G dB\, for any bounded interval 
J C I. Indeed, in this case, for any J as above, let cj > 0 be such that > —cj in 
J x R d for any rj G dB±. The change of unknowns v(t,x) := e _CJ ^ _s ^ 4 u (t,x) transforms the 
elliptic operator A into the operator A — cj/A , which satisfies Hypothesis I2.2l il and, clearly, 
the uniqueness of v is equivalent to the uniqueness of u. 

(ii) In the scalar case when the elliptic operator in (11.11) is A = Tr {QD 2 ) + (b, V) + c and c is 
bounded from above (otherwise, Proposition 12.51 fails in general), taking e = 1 and k = c, 
one easily realizes that Hypothesis Eli) is trivially satisfied. Moreover, Hypothesis (EK ii) 
reduces to require the existence of a Lyapunov function for the operator A + c, for any bounded 
interval J C I. This condition seems to be much more general than that typically assumed 
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(i.e., the existence of a Lyapunov function for the operator .A) and, as the proof of Proposition 
1231 shows, it appears naturally when one considers the problem solved by u 2 , where u is the 
solution to the Cauchy problem m, with A and / £ Ct,(R d ) instead of A and f. In view of 
this fact, Proposition 12.51 and Theorem 12.61 below hold true provided there exists 7 > 1 and a 
Lyapunov function for the operator A + 7 c. 

(iii) Hypotheses 12.21 and 12.31 are independent in general. Indeed Hypotheses 12.314 1- fib imply Hy¬ 
pothesis ESP), whereas Hypothesis I2.2f iil is stronger than Hypothesis I2.3f iiib Indeed, if 
Hypothesis 12. 3p ) holds, then Xu j=i(.Q~ 1 )ij[(BiV^ r l){Bj‘n, v) ~ {Bif], Bjf])} is negative and of 
order Aq _ 1 . This fact together with Hypothesis 12.31 ii') implies Hypothesis 12.211 1 (taking (i) 
into account). On the other hand, assuming Hvpothesis l2.3l il. the function ‘X T ],e which, clearly, 
depends only upon Bi (since the diagonal parts cancel), can be of order less than Aq~ 2o \ For 
instance, assume d = m = 2, Q = diag(AQ,Ag), B\ = b\I 2 diagonal and B 2 7 ^ 0. Then, 
X^o = Af^((B 2 ri, rj) 2 — \B 2 rj\ 2 ) — 4 (Cr 7 , rj) is bounded from below if A c + £ 2 XqAq 1 < + 00 , 
which is weaker than the condition in Hypothesis m ii) if A q = o(Aq). Finally, concerning 
Hypotheses 12.2f ii) and I2.3l iiib the latter requires the existence of a Lyapunov function for 
one decomposition of each drift matrix, while the former requires the existence of a Lyapunov 
function for any decomposition Bi = b v I m + B v rj £ dB\. 

2.1. The case when Hypotheses 12.21 hold true. The uniqueness of the classical solution to 
problem m which is bounded in any strip [s, T\ x R d , T > s £ J, is a straightforward consequence 
of the following result, whose proof is an adaption to our situation of the method in [231 Thm. 8.7] 
which deals with the case of bounded coefficients. 

Proposition 2.5. Let s £ I, f £ Cb(R d ;R m ) and let u be a locally in time bounded classical solution 
to problem (11.21) . If Hvvotheses 12.21 hold true, then ||u(t ,-)|| 00 < e £K o(t-«)||f[[^ f or an y t> s. 

Proof. Fix T > s £ I and let p = P[ s ,t] and P = f[s,T\- Up to replacing p with a larger constant if 
needed, we can assume that sup vGdBl supj s T ] xR d (A v (p — pip) < 0 and p > 2 skq. 

For any n £ N, we set v n (t,x) := e -M(t-«)| u (t, x)\ 2 — e _ ^ _ 2 eKo ^*- s )||f— n~ 1 ip(x) for any 
(t,x) £ [s, T] x M d . As it is immediately seen, 

D t v n (t, •) =e-^- s \A 0 (t) + 2e«(t, •) - p)\u(t, -)| 2 + (p-2e Ko )e-^- 2 ^ t -^\\f\\ 2 oc 
- 2e-^-^Vft, -, £>iu(f, •),-.., D d u(t, •), u(f, •)), 

for any t £ (s,T], where V(-,-,£\... ,£ d ,C) := Xfy=i - X'! 1 <^> - {(C - en) C, C> 

for any - G R m - Since p > 2en 0 , we can estimate 

D t v n (t,-) - {A 0 (t) +2en(t,-) - p)v n (t,-) - 2e(n(t,-) - /to)e _(A 1 _ 2 EK ° )(t_s) ||f||oo 
<n _ 1 (.Ao(t) + 2 en(t, •) - p)ip - 2e~^ t ~ s) V(t, •, £>iu(t, D d u(t , •), u(t, •)), (2.1) 

for any t £ (s, T] and x GW 1 . 

Our aim consists in proving that v n < 0 in [s, T] x R d for any n £ N. Indeed, in this case, letting 
n —> 00 and recalling that T has been arbitrarily fixed, we will obtain e - 2 eK °d -s )|u(f, x)\ 2 — ||f < 0 

for any t £ [s,T] and x £ R d , i.e, the estimate in the statement will follow from the arbitrariness of 
T> s. 

Since v n tends to —00 as |x| —> + 00 , uniformly with respect to t £ [s,T], it has a maximum 
attained at some point (foj^o) G [s, T] x R d . If to = s , then we are done since v n (s,-) < 0. Suppose 
that to > s and assume, by contradiction, that v n (to, Xo) > 0. Since 2en(to, xq) — p < 2eno — p < 0, 
the left-hand side of m is strictly positive at (to,Xo). 

Let us prove that the right-hand side of eu is nonpositive at (fo,®o)- This will lead us to a 
contradiction and we will conclude that v„ < 0 in [s, T] x R d . 

Since V x v n vanishes at (to,Xo), (Dju(t 0 ,Xo),u(to,xo)) = Djip(xo)/(2n) for any j = 

1 ,,d. Hence, it is enough to show that the maximum of the function 

Fn, c(£\ • ■ •, £, d ) ■■= n~ 1 (Ao(to) + 2en{to, ■) - p)<p{x 0 ) - 2V(t 0 ,x 0 , $, 1 ,..., £ d , C), 
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in the set £ = {(£\ • ■ ■ ,£ d ) £ R md : {&,Q = {‘^n-)~ 1 Djip(xo), j = 1 ,... ,d} is nonpositive, where 
(p — tp. Note that the function F n ^ has a maximum in £ attained at some point (£q, • • •, £q)> 

since it tends to — oo as IK^ 1 ,..., £ d )|| —> +oo. Applying the Lagrange multipliers theorem, we easily 
see that (£q, ..., £g) satisfies 

d m 

2 ^ ^ Qjk {to-> *£o)£o ,i ^ ^ {Bj (^0? x o))kiCk TjC* = 0, Z = 1, . . . , d, j = 1, . . . , 771, (2-2) 

k= 1 fc=l 

for some real numbers 71,..., 7<f, where £q i and (j (* = 1,..., m) denote, respectively, the compo¬ 
nents of the vectors £g and Multiplying both sides of m by Q and summing over i, we get 
7 j = |C|^ 2 [?i _1 (<5(to, ^o)V^(xo))j — Xq)C, C)] f° r any j = 1,..., to. Replacing the expression 

of 7 j in (12.21) , we deduce that 

£0 = 2^I£I _2 ^ D ^( x °) + \' 52 (Q~ 1 )ok( t o,xo) [Bl(t 0 ,x 0 )C~ |C|- 2 {^(to^o)C,C)C] , 

k= 1 

for J = 1 ,..., d. Hence, a direct computation shows that 

V(t 0 ,x 0 , £0) = 4 n 2\£\2 I v^o, x 0 )V^(x 0 )| 2 + ^|C| 2 3C C/ | C | (to, X 0 ) 

1 ^ ^ 

- 2n |^|2 Yl D ^( X o)( B j(to,X 0 )C,C) 

and, consequently, 

maxF„, c = ^(A c/ | C |(t 0 )^(x 0 ) - p<p{x 0 )) - 2 Jt ^ 2 Ia/Q(*o,x 0 )V^(x 0 ) 1 2 - ^|C| 2 ^c/ICI,e(*o,*o)- 

By Hypothesis 12. 2f iif and the choice of //. the right-hand side of the previous formula is nonpositive. 
The proof is now complete. □ 

We now turn to show the existence of a unique locally in time bounded classical solution u to 
problem (11.21) . 

Theorem 2.6. Under Hvvotheses 12.21 for any f £ Ct,(R d ; R m ) and s £ I, the Cauchy problem (11.21) 
admits a unique locally in time bounded classical solution u. Moreover, u £ C^ a ^ 2 ’ 2 +a ((s, +00) x 
R d ) and satisfies 

||u(V)||oo<e e ^- s >||f|U t>s. (2.3) 


Proof. Fix f £ Cj,(R , R m ) and let u„ be the unique classical solution to the Cauchy-Dirichlet 
problem 

{ D t u n (t,x) = (Au n )(t,x), te(s,+ 00 ), x £ B n , 

u„(t,x)=0, i £ (s, + 00 ), x £ dB n , (2.4) 

u„(s,x) = f(x), x £ B n , 

(see EZ1 Thm. IV.5.5]). By classical solution we mean a function which belongs to C' 1,2 ((s, +oo)xB n ) 
which is continuous in ([s, + 00 ) x B n ) \ ({s} x dB n ). 

Let us prove that the sequence (u„) converges to a solution to problem (O which satisfies the 
properties in the statement. The same arguments as in the proof of Proposition 12.51 show that 

||u n (£, -)||oo < e eKo ^ -s )||f||oo, t>s. (2.5) 

Hence, the interior Schauder estimates in Theorem lA~2l guarantee that, for any compact set K C 
(s, + 00 ) x R d and large n, the sequence \\u n \\ C i+c,/ 2 , 2 + a ( K . Rm ') is bounded by a constant independent 
of n. By the Ascoli-Arzela Theorem, a diagonal argument and the arbitrariness of K, we can 
determine a subsequence (u„ fc ) which converges to a function u £ C iot a/2 ’ 2+ “((s,+oo) x R d ;M m ) in 
C 1,2 (A';R m ) for any K as above. Clearly, u satisfies the differential equation in (11.21) as well as the 
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estimate (12.31) . as it is easily seen letting n -A +oo in (12.51) : we just need to show that u is continuous 
in t = s and it therein equals the function f. As a byproduct, we will deduce that the whole sequence 
(u„) converges in C 1,2 (K ; R m ), for any compact set K as above, since any subsequence of (u„) has 
a subsequence which converges in C 1,2 (K ; R m ). 

Fix R £ N and let i9 be any smooth function such that Xb R - 1 < g < xb r ■ For any n k > R the 
function v*, := r]u nk belongs to C([s, T] x Br\ R m )nC 1,2 ((s, T] xBr; R m ), it vanishes on (s, T] x&Br, 
Vfe(s, •) = df and D f y k - Av k = g fc in (s, T) x B R , where g k = -Tr(QD 2 r])u nk - 2(J x u nk )QX/?] - 
^2j—i{BjU nk )Djrj, for any n k > R■ Since the function t H> (t — s)||u nfc (t,-)llc;f(.B nfc ) bounded 
in (s,s + 1) (by a constant depending on k) we can apply Proposition IA.ll and, taking (12.51) into 
account, we can estimate |gfc(t,x)| < cr(1 + (t — s) _1 / 2 )||f ||oo, for any (t,x) £ (s,s + 1) x Br and 
any n k > R , where cr is a positive constant independent of k. Let us represent by means of the 
variation-of-constants formula 

v fc (t,x) = (G^(M)W)W+ [ (G£(t,r)g fe (rv))(a;)dr, t £ [s,T], x £ B R . 

J S 

Recalling that v k = u nk in Br_\ and taking the previous estimate into account, it follows that 
K fe (t,-)- f l < \Gr (t, s)(r?f) - f | + c' R y/t - s||f ||oo in Br_ i, for any t £ (s, s + 1) and some positive 
constant c' R independent of k. Letting first k tend to +oo and, then, t tend to s + , we deduce 
that u is continuous at t = s for any x £ Br^\. Since R £ N is arbitrary, we conclude that 
u £ C([s, T] x R d ; R m ) and u(s, •) = f. □ 

2.2. The case when Hvpotheses l2.3~l hold true. Now we show that the assertions in Theorem l2.6l 
continue to hold if, as an alternative to Hypotheses 12. 21 we consider Hvpotheses l2.3l Note that, since 
we no longer assume Hypotheses 12.21 we can not apply Proposition 12.51 to guarantee the uniqueness 
of the solution to the Cauchy problem (HHD- The role of the following theorem is twofold. First, 
it replaces Proposition 12.51 and, combined with Theorem 12.61 it shows that the Cauchy problem 
m admits a unique locally in time bounded classical solution u. Secondly, it shows that, for any 
f £ R 771 ), the function |u | 2 can be estimated pointwise in terms of G(t,s) |f| 2 . 

Theorem 2.7. Let us assume that Huvotheses 12.31 are satisfied. Then, for any s £ I and any 
f £ C'b(R d ;R m ), the Cauchy problem ( 11 . 21 ) admits a unique locally in time bounded classical solution 
u. Moreover, u £ C^ a 2 , 2 + 0 ((s, +oo) x R d ) and, for any T > s £ I, there exists a positive constant 
c = c(s,T) such that 

|u(t,a ;)| 2 < c(G(t,s)|f| 2 )(a;), (t,x) £ [s,T] x R d , f e C 6 (R d ;R m ). (2.6) 

Proof. Clearly, estimate m yields the uniqueness of the solution to problem m- Moreover, the 
arguments here below can also be applied to prove that the solution u„ to the Cauchy problem 
(EH) satisfies EH, with R d being replaced by B n . This estimate replaces m and allows us to 
repeat verbatim the proof of Theorem 12.61 getting the existence of a classical solution u to the 
problem ( 11 . 21 ) . To prove (12.61) . we fix f £ C&(R d ;R m ), T > s £ I and consider the function 
v : [s, T] x R d —> !, defined by v(t,x) := e~ 2H ^~ s ^\u(t,x)\ 2 — (G(t, s)|f | 2 )(a:) for any (t,x) £ 
[s,T] x R d , where H = H[ s T ] is defined in Hypothesis 12. 31 iiL The function v belongs to Cb{[s,T] x 
R d ) D C 1 , 2 ((s,T) x R d ) and v(s,-) = 0. Moreover, taking Hypothesis I2.3f i! into account, by a 
straightforward computation we get D t v(t,x) = Av(t,x) + 2 e~ 2H< ' t ~ s ' > g(t, x) for any (t,x) £ (s, T] x 
R d , where g = J2i=i(BiDiU,u) — Tr(J x uQ(J x u) T ) + (Cu,u) — H |u| 2 . From Hypothesis 12.11 the 
Young and Cauchy-Schwarz inequalities, and Hypothesis 12.3f i! we get 

d 

g<~ Aq| <4u | 2 + 2 m£Ag|u| ^ |Au| + (A c - H) |u | 2 

i =1 

<(edm 2 f 2 - l)Ag|J a; u | 2 + [(4e) _ 1 AQ r_1 + A c - H] |u | 2 

in [s,T] x R d , where £ = eft) is an arbitrary positive function. Choosing £ = (m 2 ^ 2 d ) _1 and taking 
Hypothesis 12. 3f iil into account, we get D t v — Av < 0 in (s,T] x R d . The maximum principle in [2SJ 
Thm. 2.1] shows that v < 0 in [s,T] x R d , which is the claim with c = e 2H ( T ~ s \ □ 
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Remark 2.8. We stress that the arguments used in the proof of Theorem 12.61 (and, hence, in the 
proof of Theorem I2T71) to guarantee the existence of a solution to problem m works as well if we 
approximate this problem by homogeneous Neumann-Cauchy problems in the ball B n . We will use 
this approximation in the proof of Theorem 16.31 

As a consequence of Theorem 12.61 (resp. Theorem 12.711 we can associate an evolution operator 
{G(f, s)} t > sg / to A in C'fe(R d ,R m ), by setting G(-,s)f := u, where u is the unique locally in time 
bounded classical solution to the Cauchy problem & The uniqueness statement in Proposition ^. 51 
and Theorem l2. 71 yield the evolution property of the family {G(f, s)}t> S £i . Moreover, the estimates 
m and (12.61) (together with the estimate ||G(t, s)||^(Cb(M d )) is 1)> imply that the family is an 
evolution operator in Cf,(R d ; R m ). Moreover, for any T > s £ I, 

||G(f, s)f || 00 < c(t — s)||f||oo, te [s,T], f &C b (R d ;R m ), (2.7) 

with c(t - s) = e £K °(* -s ) (resp. c(t — s) = e H ^ s ’ T ^ t ~ s " > ). 

Remark 2.9. Note that, under Hypotheses 12.21 estimate (12.711 holds true for any t > s £ I. The 
same is true even if Hypotheses 12.31 are satisfied with J = I. In this latter case c(t — s) = e ; 
for any t > s and some positive constant H , independent of t and s. 

3. Properties of the evolution family {G(f, s)} 

Here, we investigate the main properties of the evolution family (simply denoted by) G(t,s). 
All the results contained in this section hold true when at least one between Hypotheses 12.21 and 
Hypotheses 12.31 are satisfied. We start by proving some continuity properties of G(f, s). 

Proposition 3.1. Let (f n ) be a bounded sequence of functions in Gb(R d ;R m ). Then, the following 
properties are satisfied: 

(i) if i n converges pointwise to f 6 Gb(R , R m ), then G(-,s)f„ converges to G(-,s)f in C 1,2 (D) 
for any compact set D C (s, +oo) x R 

(ii) if f n converges to f locally uniformly in R d , then G(-, s)f„ converges to G(-, s)f locally uniformly 
in [s, +oo) x R d . 

Proof, (i) From the inequality (12.71) and the interior Schauder estimates in Theorem IA.21 we deduce 
that sup ngN ||G(-, s)f,i|| C i +a / 2 , 2 + Q ( £) ) < +oo for any compact set D C (s,+oo) x R d . Therefore, 
using the same arguments as in the proof of Theorem 12.61 we can prove that there exists a function 
v £ Ciot a//2 ’ 2+a (( s > +oo) x R d ) and a subsequence G(-,s)f„ fc which converges to v in C 1 , 2 (D) as 
k —> Too, for any D as above. Clearly, D t v — Av = 0 in (s, Too) x R d . 

To complete the proof, we need to show that v can be extended by continuity on {s} x R d and 
v(s, •) = f. Indeed, once this property is proved, we can conclude that v is a local in time bounded 
classical solution to problem m- Hence, by uniqueness, we conclude that v = G(-, s)f. Since this 
argument can be applied to any subsequence of (G(-, s)f„) which converges in C 1 , 2 ((s, Too) x R d ), 
and the limit is G(-, s)f, we conclude that the whole sequence (G(-, s)f„) converges to G(-, s)f locally 
uniformly in (s, Too) x R d . 

To prove that v can be extended by continuity at t = s, we fix m, M £ N, with m > M. From the 
proof of Theorem 12.61 and recalling that sup ngN ||fn||oo < Too, we deduce that |(G® (t, s)f„)(x) — 
f)i( x )l < |G^(t, s)(i?f n )(x) — 'd(x)f n (ir)| T CM\ft-~s for any it,x) £ (s,s T 1) x B M - i, and some 
positive constant Cm independent of to, Thus, letting to -t Too we conclude that 

|(G(i, s)f n )(a;) - f„(x)| < |G^(<, s){df n )(x) - i?(a:)f rt (a:)| T c M Vt - s, (3.1) 

for any (t, x) £ (s,s T 1) x Bm- i- Next step consists in letting n —► Too. Clearly, the left-hand 
side of 0 converges to |v(t, x) — f(x)| for any ( t , x) £ (s, Too) x R d . As far as the right-hand side 
is concerned, we observe that Riesz’s representation theorem (see [U Rem. 1.57]) shows that there 
exists a family {pfj(t , s, x , dy ) : t > s, x £ Bm, i,j = 1,... to} of Borel finite measures such that 

m ,, 

(Gj!(M)g),W = ^ / 9j(y)P™(t,s,x,dy), 
i=i jRd 


g £ G c (R M ;M m ), 
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for any t > s, x £ R d , i = 1 ,...,m. Since each function i?f n is compactly supported in 
from the previous representation formula it follows that G^(-, s)(i?f„) converges to G^(-,s)(i9f) 
pointwise in [s, +oo) x R d , as n —> +oo. Hence, we can take the limit in (13.11) and conclude that 
|v(t, •) — f| < |G M(t, s)( $f) — $f| + CMy/t — s in Bm- i, for any t £ (s, s + 1), which implies that v 
can be extended by continuity to {s} x Bm -i by setting v(s, •) = f, since the function G^(-, s)($f) 
is continuous in [s, +oo) x Bm- The arbitrariness of M allows us to complete the proof. 

(ii) Fix T > s £ I. In view of property (i), we just need to prove that, for any compact set 
K C R d and e > 0, there exists 6 £ (0,1) such that 

limsup ||G(-,s)f„ - G(-,s)f||c([ s , s +i]xR;R m ) < e. (3.2) 

n —>-+oo 

For this purpose, we fix M £ N such that K C Bm- i- Taking first the supremum over Bm -i in 
both the sides of cnD and, then, the limsup as n —► +oo, we conclude that 

limsup ||G(-, s)f„ -f„|| c([ +4]x 5 M _ Hm) < ||G?/(-,s)(^f) -^fllca^s+aixBM-uRm) +c m V5. 

n—>-+oo 

Indeed, since i)f n tends to $f, uniformly in Bm, from (12.51) Gf)(-, s)(df„) converges to G^(-, s)($f) 
uniformly in [s,s + 1] x Bm- i- Finally, splitting G(-,s)f„ — G(-,s)f = G(-,s)f„ — f„ + (f„ — f) + 
f — G(-,s)f, using the above estimate and recalling that f„ tends to f, locally uniformly in R d , we 
deduce that 

limsup ||G(-, s)f n - G(-,s)f|| c([ +s]xS Rra) 

n^+oo 

s )(^f) — ^f|lc([s,s+5]xBM-iR m ) °mVS + ||G(-, S)f — f llc([s,s+<5]x'BM-i;R m )' 

Since the functions G m(-, s)(df) and G(-, s)f are continuous in [s, s + 1] x Bm- i, from the previous 
estimate, it follows immediately that (13.21) holds true. □ 

In the following theorem we prove that the evolution operator G(f, s ) can be extended to the set 
of all the bounded Borel measurable functions f : R d —> R m . This is a consequence of the fact that 
for any f £ Cb(R d ;R m ) each component of G(t, s)f, admits an integral representation formula in 
terms of some finite Borel measures. These measures are absolutely continuous with respect to the 
Lebesgue measure but, in general, differently from the scalar case, they are signed measures. 

Theorem 3.2. There exists a family {pij{t, s, x, dy) : t > s £ I, x £ R d , i,j = 1 ,...,m} of finite 
Borel measures, which are absolutely continuous with respect to the Lebesgue measure, such that 
formula (11.31) holds true for any t > s, x £ M d , i = 1,..., m. Moreover, through formula in, the 
evolution operator G(t, s) extends to Bb(R d ;R m ) with a strong Feller evolution operator. Actually, 
G(-,s)f S C 1 1 +“ /2 ’ 2+a (( S ,+oo) x R d ;R m ) for any f £ B b ( R d ;R m ) and s£l. 

Proof. Throughout the proof, s is arbitrarily fixed in I. Since, for any (t, x) £ ( s , +oo) x R d , the map 
f i —y (G(t, s)f)(x) is bounded from Co(R d ;R m ) into R m , from the Riesz’s Representation Theorem 
(see e.g., J] Rem. 1.57]) it follows that there exists a family {pij(t, s , x, dy) : t > s £ I, x £ R d , i,j = 
1,.. .m} of finite Borel measures such that (11.31) is satisfied by any f £ Co(R d ;R m ). To extend the 
previous formula to any f £ Cb(R d ;R m ), it suffices to approximate such an f, locally uniformly 
in R d , by a sequence (f„) C Co(R d ;R m ), write (11.31) . with f being replaced by f„, and use both 
Proposition I3.1 I m 1 and the dominated convergence theorem, applied to the positive and negative 
parts of the measures Pij(t, s, x, dy), to let n tend to +oo. Clearly, formula (11.31) allows us to extend 
the evolution operator G(t,s) to B b ( R d ;R m ). 

Let us now prove that each measure Pij(t, s, x, dy) is absolutely continuous with respect to the 
Lebesgue measure. Equivalently, we prove that, for any (t,x) £ (s,+ oo) x R d and any i,j = 
1 ,...,m, the positive and negative parts of pij(t,s,x,dy) are absolutely continuous with respect 
to the Lebesgue measure. For this purpose, we recall that, by the Hahn decomposition theorem 
(see e.g., .35] Thm. 6.14]), for any (t,x) £ (s, +oo) x R d there exist two Borel sets P = P(t,s,x) 
and N = N(t,s,x) such that the maps p^(t,s,x,dy) and p£(t,s,x,dy), defined, respectively, by 
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p^(t, s, x, A) = s, x, A fl P) and p i ^ (t, s, x, A) = —pij(t, s,i,dn N ) for any Borel set A C R d , 
are positive measures and Pij(t, s, x, dy ) = p+-(t, s, x, dy) — P^j(t, s, x, dy). 

Being rather long, we split the proof into several steps. 

Step 1. We claim that, for any / £ B b (M. d ) and j = 1 the function G(•,s)(/e J ) be¬ 
longs to C£ a/2,2+a ((s,+oo) x R d ;R m ), D t G(-, = AG(-,s)(fej) in (s,+oo) x R d and 

\\G(t, s)(/e J )|| 00 < c Si t||/||oo for any t £ (s,T] and any T > s, where c Sj t is the constant in (12.71) . 
Clearly, since G(-,s)f = Y^jLi^('i s )(fj e j) f° r an Y f £ B b (M. d , R m ), the claim implies that the 
function G(-,s)f enjoys the regularity properties in the statement and ||G(t, s)f Hex, < v^ c s,r||f ||oo 
for any t £ (s, T]Q 

To prove the claim, we begin by recalling that the space B(M. d ) of all the real valued Borel functions 
coincides with the set B Ul (M. d ) = (J <Wi where, throughout this step, we denote by p the 

ordinal numbers and u >i is the first nonnumerable ordinal number. The sets B ri (K d ) are defined as 
follows: B°(§l d ) = G(R d ) and, if p > 0, the definition of .B^R^) depends on the fact that p + 1 is 
a successor ordinal or not. In the first case, B v (M. d ) is the set of the pointwise limits, everywhere in 
R d , of sequences of functions in B T1 ~ 1 ( R d ); in the second one, B r, (W i ) = U, ;o <^ ^“(R^)- Hence, any 
Borel function belongs to B^R®) for some ordinal less than oji. We refer the reader to 021 Chpt. 
30] 021 Introduction] and 02] for further details. 

We fix j £ {l,...,m} and, for any ordinal p < ui, we denote by fP j{p) the set of all the 
functions / £ H^(R d ) which satisfy the claim, where, as usually, the subscript “ 6 ” means that we 
are considering bounded functions. We use the transfinite induction to prove that Tj(p) = B^(M. d ) 
for any ordinal less than uq. In view of Theorem l 2 . 6 l 37,(0) = B®( R d ) = C b ( R d ). Fix now an ordinal 
p and suppose that CPj- (/3) = B% (R d ) for any ordinal j3 < p. We first assume that p + 1 is a successor 
ordinal. In such a case, / is the pointwise limit, everywhere in R d , of a sequence (/„) £ B^ (R d ). By 
assumptions, / is bounded; hence, up to replacing /„ by / n A||/||oo, which still belongs to B d ( R d ), we 
can assume that ||/n||oo < \\f\\oo for any n £ N. Since G(-, s)(f n ej) £ C 1 q’|]“^ 2 ’ 2 + “((s,+ 00 ) x R d ; R m ) 
for any n £ N, using the interior Schauder estimates in Theorem I A. 2 1 as in the proof of Theorem l2.61 
we can prove that, up to a subsequence, G(t, s)(/„e J ) converges in G 1,2 (Ar;R m ), for any compact 
set K C (s, + 00 ) x R d , to a function v £ G 1 ^“^ 2 ’ 2 + “((s, + 00 ) x R d ;R m ), which solves the equation 
D t v = Av in (s,+ 00 ) x R d and satisfies the estimate ||v(t, -)lloo < c s,t ||/||oo for any t £ (s,T] and 
any T > s. The representation formula reveals that v = G(-,s)(/ej); hence, / £ B^ +1 ( R d ). 
Suppose now that p + 1 is a limit ordinal. Then, / £ B^ (R d ) for some ordinal /3 less than p + 1. 
Since 7j{0) = B^ (M d ), it is clear that / £ ‘?j(p + 1), and we are done also in this case. 

Step 2. Now, we prove that, for any M > 0, there exists a positive constant c, depending on M, 
but being independent of t and / £ C c (Bm ), such that 

\{G% 1 (t,s)(fe j ))(x)\ < |(G^ 0 (M)/)(z)| T c\Jt s ||/||oo; (t,x) £ (s,s + l) x B M - (3.3) 

for any j £ {1,..., m}. Here, 0 (t, s ) denotes the evolution operators associated with the real¬ 
ization of the operator Aq in C},{Bm), with homogeneous Dirichlet boundary conditions. 

In the rest of the proof, we denote by c a positive constant, which is independent of t £ (s, s + 1), 
x £ Bm and may vary from line to line. 

Fix / £ C c (Bm), j £ {1, • ■ •, m}, set u = Gm('> s )(/ e j) and observe that 

u(t, x) = s)f)(x)e j + / (G^ i 0 (r, s)g(r, -))(x)dr, (t, x) £ (s, s + 1 ) x B M , (3.4) 

J S 

where (G® f 0 (t, s)h)fc = G^j 0 (t, s)hk, for any k = 1 ,..., m and any vector valued function h, and 
g = Ef=i BjDjU + Cu. Differentiating both sides of (13.411 . taking the norms and using the estimate 
WGZ^A^WcKBm) < c(t-s) _ 1 / 2 ||^||oo, which holds true for any ^ £ C b (B M ) and any t £ (s,s+l) 


1 This estimate will be improved in Oorollarv l3.3l removing the constant y An. 
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(see jT3] Thm. 4.6.3]), we can estimate 

c [* 1 

\\JxU(t 7 OIIc^BmiR"*) - vt— s m °° +c J s = \\J x u(r,-)\\c b (B M ^) dr , t £ (s,s + l). 

To get this estimate we also took advantage of the fact that ||u(t, ^Hoo < c||/||oo for any t £ (s, s+1). 
The generalized Gronwall lemma (see |TE|) shows that || J x u(t, ■)llc b (BM;R m ) — c (^ — s )~ 1 ^ 2 |l/ll°° for 
any t £ (s, s + 1). We thus deduce that ||g(i, OIIc^BmiR™) < c (t ~ s) -1/2 ||/l|oo for any t £ (s, s + 1) 
and, from (IQl) , estimate m follows at once. 

Step 3. Here, we prove that, for any Borel set 0 C R d with zero Lebesgue measure, any M > 0, 
j £ { 1 , ■ ■ ■, m} and t £ (s, s + 1 ), it holds that 

|(G(£,s)x 0 e J )(x)| <cVt-s, t£(s,s + 1), x £ B m /2- (3-5) 

This inequality follows once we prove that 

|(G(£, s)(fej))(x)\ < |(G^ i 0 (f, s)|/|)(x)| + cy/t - s ||/||oo, (3.6) 

for any t, x, f and j as above. Indeed, it is well known that G^, I0 (t,s) admits an integral repre¬ 
sentation (see m Thm. 3.16]) and this implies that G^ I0 (t, s) can be extended to any function 
/ £ B^Bm) and Gfy 0 (t, s)xo = 0, if 0 has null Lebesgue measure. 

We first prove EH for functions / £ Cf,(R d ). For this purpose, we fix M > 0 and a function 
i? £ Cf°(R d ) such that xb m/4 < i? < Xn M/2 ■ By the proof of Theorem 12.61 G(-,s)(/ej) is the 
local uniform limit in (s, +oo) x of the unique classical solution u„ to the Cauchy problem 
(EHD, with f being replaced by tffe j7 Moreover, ||G® (£,r)g„(r,-)|| l“(Bm) < Ci||g„(r,-)|| l«>(b m/2 ) < 
cm ||/||oo( 1 + (r — s)" 2 ) in Bm- i, for any r £ ( s,t ). Letting n tend to +oo, estimate (13.61) follows 
recalling that |G^ 0 (£, s)(d/)| < G^ 0 (£, s)|i?/| < G^ >0 (t, s)|/| in B M . 

By transfinite induction, arguing as in Step 1, we extend (13.61) to any / € Bb( R d ). To make the 
induction work, it suffices to observe that, if / £ Bb(EL d ) is the pointwise limit everywhere in R d of 
a sequence (/„) C Bt,(R d ) of functions which satisfy (13.61) and ||/n||oo < \\f\\oo for an y n S N, then, 
/ satisfies EH as well. This can be seen, writing (13.61) with / being replaced by /„, taking (11.31) 
into account and letting n —> + 00 . 

Step 4- We can now complete the proof. We fix i,j £ {1,..., m}, t Q > s, Xo £ and a Borel 
set A with null Lebesgue measure. Then, estimate EH shows that |G(£, s)(xAnR e j)| < cy/t — s 
in B m i 2 for any M > 0 and t £ (s, s + 1), where R = P or R = N. By the arbitrariness of M, 
it thus follows that G(f, s)(xAnR e j) vanishes, locally uniformly in R d , as t —> s + . Step 1 shows 
that the function v, defined by v(s, •) = 0 and v(£, ■) = G(t, s)(xAr\R e j), if t > s, belongs to 
C\o C a ^ 2 ' 2+a ((s, +o°) x R d ;R m ) D C([s,+oo) x R d ;K m ) and is bounded in each strip [s,T] x 
Moreover, D t y = ./Iv in (s,+ 00 ) x R d and v(s, •) = 0 in IR d . By Proposition 12.51 it follows that 
v = 0 in (s,+ 00 ) x R d . Thus, we conclude that (G(-, s)(xAnR e j))(xo) = 0, which implies that 
0 = (G(t 0 , s)(xAnpej))i(xo) =P l y(fo,s,x 0 , A) and, similarly, p“-(£o, s, x 0 , A) = 0 . □ 

Corollary 3.3. The following properties are satisfied. 

(i) Estimate (12.71) is satisfied by any f £ _B;,(M d ; R" 1 ). 

(ii) Proposition 13.ll H holds true for any bounded sequence (f„) of Borel functions which converges 
pointwise (almost everywhere in R d ) to a Borel measurable function f. 

Proof, (i) Fix f £ Sb(R d ;R m ) and let the sequence (f„) £ Gf,(R d ;R m ) converge to f almost every¬ 
where in R d and satisfy the estimate ||f n ||oo < ||f || 00 - Since the measures Pij(t, s, x, dy) are absolutely 
continuous with respect to the Lebesgue measure for any t > s £ I and any x £ R d , by formula 
EH and the dominated convergence theorem, G(t, s)f„ converges to G(f,s)f pointwise everywhere 
in R d , as n —> + 00 . Using (I2.7L we can estimate |G(-,s)f„| < c Sj T||fn||oo < c s ,T||f||oo in [s,T] x R d 
and, letting n tend to + 00 , we conclude the proof. 

(ii) Fix s £ I and (f„), f as in the statement. For any e > 0, the functions G(s + e, s)f„ and 
G(s + e, s)f are bounded and continuous in R d , thanks to property (i) and Theorem 13.21 Moreover, 
the proof of property (i) shows that G(s + e,s)f n converges pointwise in R d to G(s + e, s)f as 
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n —> +oo. Splitting G (t, s)f„ = G(f, s + e)G(s + e)f n for any neN and using Proposition 13. If if we 
conclude the proof. □ 


4. Compactness of G (t,s) in Cb(R d ;R m ) 

In this section we study the compactness of the evolution operator G(t, s ) in Cf,(R rf ; R m ). First of 
all, we show that it is equivalent to the tightness of the total variation of the measures {pij(t, s, x, dy ) : 
x £ R d } introduced in Theorem Esa 

Theorem 4.1. Let assume that either or 1231 are satisfied and fix b > a £ I. The evolu¬ 
tion operator G(t,s) is compact in C),(R ,R m ) for any (t,s) £ A^&j if and only if the families 
{\Pij\(t, s, x, dy) : x £ R d } are tight for any (t, s) £ A[ a ^ and i,j £ { 1 ,..., m}. 

Proof. Let us suppose that G(t, s) is compact in Gb(R d ;R m ) for any (t,s) £ A[ a b ]. We fix i,j £ 
m}, (t, s) £ A[ Q] 5 ], n £ N, x £ R d and recall that 


|pij|(t,s,ai,R d \B n ) =sup( [ f{y)Pij(t,s,x,dy): f £ C c {R d \ B n ), \\f\\ x < 1 
— sup{||G(t, s)(/e J )|| 00 : / £ C c (R d \ B n ), ||/|U < 1}, 


(4.1) 


(see [2 Prop. 1.4.7]). Then, for any n £ N, there exist functions f n £ C c (R d \ B n ) with ||/ ra ||oo < 1 
such that 

sup \pij\{t, s,x 1 M. d \B n ) < ||G(t, s)(/„e J )|| 00 + n _1 . (4.2) 

xgR d 

Clearly, f n ej vanishes pointwise in R d as n —> +oo and ||/ r ,.e ? || l0 o < 1 for any n £ N. By compact¬ 
ness and Proposition 13.11 we can extract a subsequence {fn h ^j) such that G (t, s)(f nh ej) vanishes 
uniformly in R d , as h —> +oo. Now, writing m with n being replaced by nh and letting h —> +oo 
we deduce the tightness of the family {\pij\{t, s, x, dy) : x £ R d }. 

Vice versa, let us suppose that the families {\Pij\(t, s, x, dy) : x £ R d } are tight for any (t,s) £ 
A[ 0& ] and i,j £ {1 We fix (t, s) £ A[ ob ], r £ (s,t) and consider the operators R n := 

G(t, r)(xB n G(r, s)) in Cb(R d ;R m ). Since G (t,r) is strong Feller (see Theorem 13. 21) . each operator 
R n is bounded in C),(R d ;R m ). We claim that R„ is compact in C&(R d ;R m ) for any n £ N. To 
this aim, let (ffc) be a bounded sequence in C , 6 (R d ;R m ). From the interior Schauder estimates in 
Theorem IA.2I it follows that the sequence (G(r, s)ffc) is bounded in C 2+a (B n ; R m ). Hence, there 
exists a subsequence (G(r, s)fk j ) converging uniformly in B n to some function g as j —> + 00 . As a 
byproduct, XB n G(r, s)f^ converges to xs„g uniformly in R d as j + 00 . Since the estimate (12.711 
holds true also for bounded Borel functions (see Corollarv l3.3l iB. we conclude that R ra f^ converges 
uniformly in R d to G(t,r)(xB n s) as J ~^ + 00 . Hence, R„ is compact in Cb(M d ;R m ). 

To complete the proof, we show that R„ converges to G(f, s) as n —> +00 in £(C),(R d ; R m )). For 
this purpose we fix f £ Cb(R d ,R m ), i £ {1,... ,m}. Using formula (11.311 we can write 


(G(f, s)f)i(x) - (R„f), ; (x) =(G(t, r)(xRd\B n G(r, s)i)i(x) 



s)f(y))kPik(t,r,x,dy) 


for any x £ R d . Hence, 


m p 

G(t,s)i- R„f||oo < ^2 sup / \{G(r,s)f(y)) k \\pi k \(t,r,x,dy) 

xeR<i dRd \ B n 


<Ca, fo||f lloo V sup \pik\(t,r,x,R d \B n ). 
ceR d 


i.k— 1 ‘ 


Letting n tend to +00 and using the tightness of the family {| pij \(t,r,x, dy) : x £ 
that R„ converges to G (t,s) in L(Cb( R d ;R m ). 


we conclude 
□ 
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In the following theorem we provide sufficient conditions for the compactness of G(t, s) when 
Hypotheses 12.31 are satisfied. Actually, these assumptions guarantee the compactness of G(t, s ) in 
Ct,(R d ), which has been already studied in 12] |30] extending the results in the autonomous case 
proved in [521 . 

Theorem 4.2. Let J C I be a bounded interval. Under Hvvotheses 12.31 if G(t,s) is compact in 
Ct,(R d ) for every ( t,s ) £ £j, then G(f, s) is compact in Ci>(R d ;K m ) for every {t,s) £ £j. In 
particular, if there exist a C 2 function W : R d —> R such that limi x |_ KX) W{x) = +oo, a number 
R > 0 and a convex increasing function g : [0, +oo) — > R with 1/g £ L 1 ((a, +oo)) for large a and 
AW < — g o W in I x (R d \ Br), then G(t, s) is compact in Cb(R d ; R m ) for any t > s £ /. 

Proof. In view of Theorem 14.11 we show that the family {\pij\(t, s, x, dy) : x £ R d } is tight for any 
(t,s) £ £j and i,j £ {1 From (14.11) . (12.61) and the positivity of the evolution operator 

G(t,s), it follows that 

|p y |(t,s,x,R d \H n ) <e Hj ^~ s ^ 2 sup {((G(t, s)\f\ 2 )(x )) 1 ^ 2 : f £ C c (R d \B n ), H/Hoo < 1} 
<e H ^-°V 2 ((G(t,s) XR d\ B J(x)) i/2 = e ^(^)/^( 5 M( ^R d \ J B ri)) i/^ 

for any R d , any ( t , s ) £ £j and i,j £ {1,..., to}, where gt, s (-, dy) are the transition kernels associated 
with the evolution operator G{t, s). The assertion now follows from [2] Prop. 4.2], which shows that 
the compactness of the scalar evolution operator G(t , s ) in C{,(R d ), for any (f, s) £ £j, is equivalent 
to the tightness of the family {g t , s (x, dy) : x £ R d } for any (f, s) £ £j. 

The last assertion follows from [30] Thm. 3.3] □ 


5. Uniform Gradient estimates 


In this section, we prove a (weighted) uniform gradient estimate satisfied by the function G(f, s)f, 
which, besides, its own interest, leads to some remarkable consequences that we illustrate in the next 
section. We assume the following additional assumptions. 


Hypotheses 5.1. (i) The coefficients Qij, bj and the entries of the matrices Bi and C belong 

to C^ +a (J x R d ) for any i,j = 1,. .., d, some a £ (0,1) and some bounded interval J with 
J C I; further, (b(t,x),x) < bo(t,x)\x\ for any t £ J, x £ R d and some negative function bo; 

(ii) there exists a matrix-valued function M such that Mij = Mji £ C^ +a (J x R d ) for any 
i, j = 1 ,. ..,m and inf JxR d X M > 0 . 

(iii) there exist positive functions ifh : J x R d — > R (h = 1,..., 6 ) such that \Bi\ < ifi, \DkBi\ < if 2 , 
\D k C\ < tf 3 \D t M\ < 1 P 4 , \D k M\ < ip 5 , \D k Q\ < if 6 in J x R d , for any i,k = l,...,d, and 


sup 

JxR d 


V'iA a /2 


< + 00 , 


(A.Q(t, x )) 2 A M 2 (f, x) 
(tjefx^ (1 + M 2 )(A Q (t,x )) 2 


< +00 


(5.1) 


sup 


(Ag^^a + lxl 4 ) 


4\ —1 


(t,i)cjxR d (2Ac(t, x) + A M+M T(t, x)) 


< + 00 , 


SU P 

JxR d 2A C 


AmV’ 3 


-A. 


M+M T 


< +OO, 


(5.2) 


lim supJf(t,x) 

|x|^+oo (gj 


A M {t,x)ip 2 (t,x) + ifi{t,x) 

lim sup -— -——— -------— 

|a;|-i>+oo tgj A M{t, x)(2Ac{t, x) + A M+]v 1 ;T(t, x)) 

A Q (t,x)ip 5 (t,x) 


lim sup 

|x|^-+oo tg J 


b 0 (t,x) 


= 0 , 


(5.3) 


where df = (A^i + I + + A m+3v[ t)) 1 and M := M(J x b) T M 1 - 

ZU bAD s M)M-' Et=1 QiADijM)M-\ 

Remark 5.2. We stress that the second condition in (EH) forces M to grow no faster than linearly 
as |a:| —> + 00 . This condition might seem a bit strong but, already in the classical scalar case when 
the coefficients are bounded, in general the gradient of G(t , s)f does not vanishes as |x| —> + 00 . For 
instance, consider the one-dimensional autonomous operator A = u" + u and take f(x) = sin(a;) for 
any x £ R. Then, G(t , s)f = / for any t > s £ R and, clearly, D x T(t)f does not vanish at infinity. 
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Theorem 5.3. Assume that Hvvotheses \‘2.3\ anri l5.ll are satisfied. Then, for any s £ J, the function 
M(J x G(-, s)f) T is bounded and continuous in (J(~l (s, +oo)) x and there exists a positive constant 
c = cj such that 

Vt^-s \\M(t, -)(J x G(t, s)f) T ||oo < c|| f || oo, t£Jn (s,+oo), feC b (R d ;R m ). (5.4) 

Proof. To simplify the notation we set u := G(-,s)f and u„ = G®(i, s)f. Moreover, we set J n := 
jyjLi\ M ^xU n j\ 2 , Sn ■= X)i=i YJjLx \MV x DiU n j\ 2 and, throughout the proof, we denote by c 
a positive constant, which may vary from line to line, may depend on s and T = sup J, but is 
independent of n. Let us consider the function v n = |u„ | 2 +a(—s) 1 # 2 Sn, where a is positive parameter 
to be fixed later on, i9 n (x) = i?(|x|/n), for any x £ R d , and i? £ G“(R) satisfies X(-oo,i/2] < $ < 
X( —oo,i] ■ From now on, we do not stress the dependence on n of the component of u„. Moreover, to 
ease the notation, we set <f> s (t) := t — s. The results in [T5J Thms 9.7 & 9.11] and straightforward 
computations show that v n is smooth, vanishes on (s,T] x dB n , v n (s, ■) = |f| 2 and D t v n —Av n = g n 
in (s, T] x B n , where g n = Y7i=i 9i,n with 

m dm 

9l,n = 2 ^ ^ 1^/^^ x'U'jl 2(2 (f) s Q ik {MX7 x DiUj , MV x D k Uj ), 

j=l i,k— 1 j =1 

m m 

ff 2 ,n =a(f s 'd 2 n ^((M + M t )MX7 x Uj, MX7 x uj) + 2acf s -d 2 n ^ C jk (MX7 x u k , MV x Uj) 
l=i !,k=i 

dm m 

- 2a<f s i}l ^2 E Qik{DiMV x Uj,D k MV x Uj) + 2^2{D t M\/ x u n j,V x u n j), 

i,k=l 1=1 1=1 

53 ,n = - 2a(j> a (Q'V$ n , Vd n )T„ - 2a(/> s 'd n (./h? n )T n 

d m 

- Sacfs'&n y 'y j (QV0nh({MV x D k u j ,MV x u j ) + ( D k MV x Uj,MV x Uj )), 

fc=l j = l 

dm dm 

g 4 ,n =2 acfstin EE D 2 k Uj(MV x Q ik , MV x Uj) - 4a0 s i? » E E Qik{D i M'V x D k Uj,MV x Uj) 

i,k= 1 j—1 i,fc=l j=l 

d m 

- 4a^i? 2 EE Qik {DiMV x Uj , MV x D k Uj), 

i,k =1 j—1 

d m 

9 §,n = 2 + 2(Cu„,u n ) + a$ 2 T„ + 2ac/> s 'd 2 ^ u k (MX7 x Cj k , MX7 x v,j) 

i— 1 j,k—l 

dm dm 

+2 ays'll 2 EE (. B i )j k (M'V x D i u k , MV x Uj) + 2 a(j> 8 ^n EE D z u k (MX7 x (Bi) jk , MX7 x Uj). 

i=lj,k=l i= 1 j,fc=l 

Let us estimate the function g ra . Recalling that, for any pair of nonnegative definite matrices Mi 
and M 2 , it holds that Tr(MiM 2 ) > AMiTr(M 2 ) and |M£| 2 < A M 2|£| 2 in J x R d , for any £ £ R d , 
we conclude that p 1>n < AqIV^I 2 - 2acj) s 'd 2 n Aq3„ < -2AqA^ 1 2 T„ - 2a4> s id 2 Xq9ti- The 

assumptions on M, M and <7 allow us to estimate 5 2jTI < a</> s il 2 (2Ac + 2A^ 1 i/>4 + A^.^t)!?',,,. 

Let us now consider the function gz,n- Its first term is negative; hence, we disregard it. As far 
as the other terms are concerned, using the estimates |QV$ n | < cn~ x h.QXB 2n \B n 1^(1 • |n _1 )| and 
Tr(QI? 2 ^n) < c ^-Q n ~ 2 XB 2n \B n j which hold in I x R d , and the Young inequality cxy < a~ l ^ 2 c 2 x 2 + 

afl 2 y 2 we g e t 

|53,n| <ac(j) s k Q nr 2 'd n XB 2n \B n ‘3 : n + 2a(f s \'d'{\ ■ \n~ 1 )\'d n n~ 1 (h,x)\x\~ 1 XB 2n \B rl 3 r n 
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+ ac(j) s 'd n n- 1 AQ3l/ 2 S 1 r / 2 XB 2n \B Tl + aaf> s |i?'(| • \n~ l ,)\'& n n- 1 A Q X^^ 5 x B2n \B n 3 r n 
+ a 3/2 ccl) s n~ 4 AQ'dlxB 2ri \B rl 3 r n + v^c^Ag 1 Agn' 2 XB 2 „\B„9 r n 
+ a<k>|tf'(| • \n~ 1 )\'d n n~ 1 (2b 0 + cA Q 4> 5 )x B2n \B Tl 3'n + a 3/2 </> s AQ^S n . 

Further, we split 34,77 = 34,1,77 + <74,2,™ + 34,3,77- To estimate 94,1,71, we observe that 

dm dm 

EE B^Ujl^MW x Qiki -MVx'itj) — ^ ' ^ 2 ,(MA 7 x QikM kh (MV x Auj)/j, MV x «j) 

i,k= 1 J=1 1 j=l 

<Vd^ /2 Sy 2 A M A^V6 

<e- 1 / 2 cA^A^ 2 Ag 1 V'6^ + £ 1/2 Xq5u. 

Using the Young inequality, we conclude that |94,i, n | < ae _1 C(/) s A 2 f X~^ 2 Xq 1 -d^ip^n + 2 ae<^ s $ 2 AgSn 
for any e > 0. 

The other terms in the definition of 54,„ can be estimated in a similar way, splitting DiMX 7 x = 
(DiMM _1 )MV x . We obtain |9 4 ,2,n +94,3,n| < a£: _1 c</> s $ 2 ?/f A^A^A^T™ + ae</> s i? 2 Ag 3 n , for any 
e > 0 . Collecting everything together, and choosing e = 1/6 we get 

| 94 ,n| A o,c(/) s Xq i} n X M (AqV , 5 T Ajif^g) 9 >i + — acj) s 'd n XQ^) n . 

Finally, we consider the function <75, n and observe that 

d m 

95 ,i,n =2 E E (M 1 )ih(Bi)jk(MV x Uk) h Uj 

i —1 j,h,k— 1 

d m 

$ 5 ,6, n = 2a.0 s '$ n E E ( MV x iik)h{MV x (Bi)jk(M 1 )ih, MV x Uj, n ). 

i —1 j,h,k—l 

Using Hypothesis 15 . If nil and, again, Young inequality, we obtain 

l95,n| <(a -1/2 c + ca0 s + 2 Ac)|ut,| 2 + (a 1/2 A^ 2 + a)T„ 

+ c</> s # 2 (aA^ 1 A m ^2 + o 3 /2 AmV , 3 + a VfVi)^n + 2 a 3/2 </> s i? 2 Aq 3 „. 

Now, collecting all the terms together, we get 

9 n < (ca _1/2 + cac/) s + 2 A c )|u„| 2 + 3 n J n + 3 a<j> s i 9 2 X Q (^/a - ^ S„, 

where 


3 n (t,x) =a(j> s \’d'(\x\n 1 )\tf n (x)n x (2b 0 {t,x) + cA Q (t,x)i/j 5 (t,x))xB 2 n \B n (x) + a + \[ac{T - s) 


\/a 


(V’i (t,x)) 2 
(A M (t,x)) 2 


+ (T — s) v / ac 


Agft,x) 
Aq(C x)(1 + \x\ 2 ) “ A M 2(x) 


(A q(M)) 2 


- 2 


a^ s (t)(i? n (ai)) 2 3 n (t,x), 


for any (f, x) £ [s, T] x and 

t/u (t x') 

3n(t,x) =[2A C (t,x) + A M+M T(t,x)](l + cjf (t,x)) + 2 -—77 - 7 

AM [t, Xj 

+ c^a(EEEL + (A M (t, x)) 2 (i/> 3 (t, x)) 2 ^ +C^ 2 ft,x) ^|^| . 

Clearly, the coefficients in front of |u„| 2 and Sn are, respectively, bounded in [s,T], for any choice 
of a, and negative, if a < 1/4. Let us consider the term 3 n . Condition (15.31) shows that 6 0 (t, x) + 
cAq(/, x)i/> 5 (f, x) vanishes as |x| — > + 00 , uniformly with respect to t £ J. Hence, there exists a 
positive constant K such that bo+cAQips < K in JxW 1 and we can estimate the first term in the first 
line of 3 n by a(T — s)Kn~ 1 . Now, taking (15.11) into account, it follows that 3 n < 0 provided that a is 
small enough. Finally, (E3) and (El imply that 3n is bounded from above in (s, T] xR d if e £ (0,1/6) 
is fixed small enough. We have so proved that l^l < cv n in [s, T] x R d , and, by the classical maximum 
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principle, we infer that v n < c||f||oo, i.e., ||G® (f, s)f||oo + (t- s) 1 / 2 ||i?„M( J X G® (t, s)f) T ||oo < c||f||oo 
for any t £ (s, T], As the proof of Theorem l 2 . 6 l shows. G® (t, s)f converges to G(t, s)f in C 2 (Bm', R m ) 
for any M > 0. Therefore, letting n +oo in the previous estimate, we complete the proof. □ 

Remark 5.4. In the particular case when M = I, we can relax a bit Hypotheses 15.11 Indeed, by 
Remark 1 2.8 1 we can approximate the evolution operator G(t, s ) with the evolution operator G^(f, s) 
associated with the realization of A in B n with homogeneous Neumann boundary conditions. In 
this way, we do not need to introduce the cut-off sequence (i9 n ) since the normal derivatives of the 
function | J X G^ (t, s)f | 2 is nonpositive on dB n . As a byproduct, the term disappears and we do 
not need to assume anymore the first condition in (15.21) and the last condition in <E3D and (pop . 
Moreover, in this case the matrix M reduces to the matrix J x b. Therefore, we are assuming a bound 
on the growth as |x| —> +00 of the quadratic form associated with the matrix J x b , i.e., we are 
assuming a dissipativity condition on the diagonal part of the drift of A. In the scalar case, this is 
a typical assumption used to prove gradient estimates both in the autonomous and nonautonomous 
setting (see e.g., [5j 0 1 [25J M [29]). Finally, if the operator A satisfies Hypotheses 15.11 then the 
scalar operator A satisfies the same conditions, and therefore, the scalar evolution operator G{t , s) 
satisfies (E3 as well. 


6 . Some applications of the gradient estimate (15.41) 

6.1. The converse of Theorem 14.21 As Theorem 14.21 shows, the compactness of the evolution 
operator G(t , s) in C(,(R“) implies the compactness of the evolution operator G(i, s) in Ci,(R d ; R m ). 
Now, we are interested in finding out sufficient condition for the converse. The main step in this 
direction, consists in proving formula (11.51) . Once it is proved, we can adapt to our situation the 
arguments in the proof of P3 Thm. 3.6], 

Since, in general, the evolution operator G(t , s ) is well defined only on bounded (and Borel 
measurable) functions, to make formula (11.51) meaningful, we need to guarantee that the Borel 
measurable function (SG(-, s)f)(r, •) is bounded in for any r £ (s,t) and that the integral in the 
right-hand side of (11.51) is finite. Note that in the weakly coupled case considered in [T5 ] , Bi = 0 for 
any i = 1,..., d. Hence, the boundedness of row^C and the uniform estimate (12.711 were enough to 
guarantee the existence of the integral term in (11.51) . In our situation things are much more difficult 
since we have to guarantee that also the function Ei= 1 ( row fe A(a-)i -DjG(r, s)f) is bounded in M. d 
for any r £ (s, t). As we will see in the following proposition, thanks to the estimate (15.41) . the 
boundedness of the function (§G(-,s)f)(r, •) can be guaranteed under the following two different 
additional assumptions. 

Hypotheses 6.1. Hypotheses 12.31 and Hvvotheses \b ,l\ are satisfied. Further, there exists a positive 
constant c* such that \Bi\ < c*\m in J x and row^C £ Cb(J x R d ; R m ) for any i = 1,..., d and 
some k £ { 1 ,...,m}. 

Hypotheses 6.2. Hvvotheses 12.31 and Hvvotheses \5.1\ with M = I are satisfied. Further, there exist 
k £ { 1 ,..., m} and a bounded interval J such that row^C and row^Bi belong to Cb(J x M. d ; R m ) for 
any i = 1 ,..., d. 

Theorem 6.3. Assume that Hvvotheses \6.1\ (resv. Hvvotheses \6.2h a,re satisfied. IfG(t,s ) is compact 
in Cb(R d ; R m ) for any ( t , s) £ Y,j, then G(t, s) is compact in Cb(J8L d ) for the same values of t and s. 

Proof. To simplify the notation, we set u := G(-, s)f and T := sup J. Moreover, by c we will denote 
a positive constant, which is independent of j , n, t and f, and may vary from line to line. 

As a first step, we show that the integral in the right-hand side of (11.51) is well defined when 
f £ Rfc(R d ;M m ). Since ||G(f,s)||£(c b (R d )) ^ 1 f° r an Y I 3 s < t, we just prove that the function 
r i-A || (§G(-, s)f)(r,-jHoo belongs to L 1 ((s,t)) for any t £ (s,T). The boundedness of row^C and 
(12.71) yield that (rowj.C, u) £ Cb([s,T] x M. d ) and \\{roWf,C, u)||oo < c^TlIrowj.Cjloollflloo. Moreover, 
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if Hypotheses IG. 1 1 are satisfied, then from (15.41) . we get 


i=1 


1/2 

2 ' < c\ M (r,-)\J x u(r,-)\ 

<c||M(r, -)(J x u(r, -)) T ||oo < c(r - s)' 1/2 ||f||oo 


^2{row k Bi{r, •), Au(r, •)) <c( ^ I A(r, -)fe/| 2 (Awj(r-, •)) 

*=i j=i 


for any r £ (s,T). On the other hand, if Hypotheses 16.21 hold true, then, from (15.41) . with M = I, it 
follows that 


^2{roWkBi(r,-),Diu(r,-)) 


< c max. || rou>i A || 

l<z<a 


•_ O- 1 / 2 ! 


oo(t s) 11 11 OO - 


In both the cases, the function (SG(-, s)f)(r, •) is bounded in R d for any r £ (s, T) and 

||(§G(-,s)f)(r,-)||oo < ^(r-s) _ 1 / 2 ||f||oo, r <E (s,+oo) D J, (6.1) 

for some constant K, depending on to, d, s, J, 11row*.(7||oo, and also on ||roiugA||oo, (i = 1,... ,d) 
when Hypotheses 16.21 hold true. This, in particular, yields that the integral in the right-hand side 
of formula is well defined. 

We now split the rest of the proof into three steps. The first two steps are devoted to prove 
formula (11.51) for functions f £ G)? +a (R d ; R m ). Once it is proved for such functions, this formula can 
be easily extended to functions in B/,(R d ;R m ) by density. Indeed, if f € B/,(R d ;R m ), then we fix a 
sequence (f„) C G 2+ “(R d ;R m ), bounded with respect to the sup-norm and converging to f almost 
everywhere in R d . Writing m with f being replaced by f„ and letting n —> +oo, from Corollary 
I3.3f ii~) we conclude that G(t, s)f„ and G(t,s)f n j. converge to G(t,s)f and G(t,s)fj ,, respectively, 
locally uniformly in M d , as n — > +oo. Similarly, §G(-, s)f„ converges locally uniformly in (s, +oo) xR d 
to SG(-,s)f, as n —> +oo. Taking (16.11) (with f being replaced by f„) and the contractivity of the 
evolution operator G(t , s ) into account, we can apply the dominated convergence theorem to infer 
that the integral term in (11.51) converges to the corresponding one with f n being replaced by f, and 
formula (11.51) follows. 

Step 1. Here, we assume Hypotheses 16.21 and denote by G^(f, s) the evolution operator associated 
with the operator A, in Cb(B n -,R m ), with homogeneous Neumann boundary conditions, which, by 
Remark 15711 satisfies the gradient estimate ||G^"(t, s)f ||c i ,(B„ ; R m ) + y/t — s|| J x G^(t, s)f Hc^-B^R” 1 ) < 
c||f||oo for any neN. 

As it has been stressed in Remark [?~ 8 l G^(-, s)f tends to u locally uniformly in R d , asn-> +oo. 
If we split (Au ra )g = Au Ut k + where j. = X^=i( row i;A> A'Wi) + (row^C, u n ), then we can 
write 

Uk(t,x) = (Gn(t,s)fk)( x)+ f (G*(t,r)$ ni k(r,-))(x)dr, t £ (s,T), x£B n . (6.2) 

J S 


Clearly, uj, and G^(-,s)fj, converge to (G(t, s)f) E and G(-,s)//., respectively, locally uniformly in 
(s, +oo) xR d . As far as the integral term in (16.21) is concerned, the boundedness of rowj,C and row^Bi 
(* = 1 , ..., d) and the above gradient estimate, imply, first, that ||$ E (r, Oilers,,) S c(r—s ) -1 / 2 ||f ||oo 
and, then, that ||G^(t, r)$ n S (r, •)||c b (B„) < c(r - s) _1/2 ||f ||oo for any r £ (. s,T ) and any n £ N, 
since each operator G^(t,r) is contractive. Next, we estimate 


r)*„ iS (r, •) - G N (t, r)(SG(-, s)f)(r, -)| 

<G^(t,r)|$ niE (r, •) - (SG(-, s)f)(r, -)| + |G*(i, r)(SG(-, s)f)(r, •) - G(i, r)(SG(-, s)f)(r, •)!• (6.3) 


As n — > + 00 , the last term in the right-hand side of fESD vanishes, locally uniformly in R d , due to 
Remark 12.81 To show that also the first term vanishes, we claim that, for any R > 0 and e > 0 
and r £ (s,t), there exists M £ N such that G^(t,r)x R d \B M — 6 A 7 , for any n sufficiently large. 
Once the claim is proved, we estimate 

l|G'^(t,r) ffn (r,-)||c !) (B K ) <\\G^(t,r){xB M 9n(r,-))\\ Cb (B R ) + \\G^(t,r)(x^\B M 9n(r,-))\\ Cb (B R ) 
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<\\ 9 n{r, •)IIc 6 (Bm) + ll^n (ti r )XR d \B M Wc b (B R ) sup \\g n (r, •) ||c 6 (S„) 

nGN 

<llff™(r-,-)||c l ,(BM) + ec ( r ^ s )^ 1 / 2 H/lloo, 


where g n = ^ — SG(-,s)f. Since g n vanishes, locally uniformly in (s,+oo) x R d as n —> +oo, 

limsup „^ +00 ||G^(f,r)ff„(r, OUc^Bk) < ec(r - s)" 1/2 ||/|| oc and, letting e ->• 0 +, we conclude that 
G]/(t, r)g n {r, •) vanishes uniformly in B R as n —> +oo, for any r G (s, T). 

To prove the claim, we fix a sequence (i/j n ) C G/,(K d ) satisfying Xs. d \B n < ipn < XR d \B n _i- Since 
il> n vanishes locally uniformly in K d , by [25], Prop. 3.1], G(t,r)ip n tends to 0 locally uniformly 
in R d , for any r G {s,t). Therefore, for any fixed e, R > 0, there exists M = M(r) > 0 such 
that G(t,r)ipM < e/2 in Bn- Since G^(t,r)ipM converges to G(t,r)ipM in Bn, we can determine 
no = no(r) G N such that || G(t,r)ipM ~ G]/(f, r)ipM\\c b (B R ) < e/2 for any n > no, which yields the 
claim. 

Step 2. Here, we assume Hypotheses 16.11 In such a case, the argument in Step 1 does not work, 
since from the proof of Theorem l5.3l we now just infer that y/t — sWdny/Qit, -)J x u n (t, •)||c i> (B„;R m ) + 
||u n {t, •)||c fc (B„;R m ) < c||f ||oo for any n G N, where, as usually, (i?„) is a sequence of cut-off functions, 
such that supp($ n ) C B n for any n G N, and u„ := G®(-,s)f. From this inequality we can not de¬ 
duce the crucial estimate Oilers,,) < c(r — s) _ 1 /, 2 ||f|| 00 . To overcome this difficulty, we use 

a slightly different approximation argument. We denote by the function whose components are 
’F n ,i = ^nYfi=i{ row iBj,DjVL n ) + {roWiC, u n ), for any i=l,...,m. Since u„ G C 1+a/2 ’ 2+a ((s, T) x 
(see [23 Thm. IV.5.5]), the function belongs to G“/ 2 , “((s,T) x U n ;R m ) and is com¬ 
pactly supported in [s, T] x B n . Hence, the same theorem shows that, for any n G N such that 
supp(f) C B n , there exists a unique function w n G G 1 +a / 2 , 2 +a ((s, T) x H,,;®” 1 ), which satis¬ 
fies D t w„ = Aw n -f \F„ in (s,T) x W 1 , w„(s, •) = f and it vanishes on (s,T) x dB n . For any 
i = 1 ,..., m, the component w n ^ of w„ can be represented through the formula 

u> n ,i(t,x) = (Gn(t,s)fi)(x) + f (G®(t,r)^„,i(r, •))( x)dr, t G (s,T), x G B n . (6.4) 

J S 

We claim that u is the limit of the sequence (w„). By Theorem IA.21 ||w n || c i+c«/2,2+e<(x ; R m ) < c 
for any compact set K C (s,T) x R d and n large enough. Hence, we can extract a subsequence 
(w nj ) which, as j —> +oo, converges in G 1,2 ([s + r _1 , T] x B T ; R m ), for any r > (T — s) _1 , to some 
function w G Gj^ a//2 ’ 2+a ((s, T) x Since u„ converges to u in G 1,2 ([s + r _1 ,T] x I? r ;R m ) 

(see the proof of Theorem 12.61) . we conclude that D t w = Aw + Su in ( s,T ) x W 1 where SfcU = 
Ej=i( rou, fc A, Dili) + (rowkC, u) for any k = 1,..., m. To conclude that w = u, it suffices to show 
that w can be extended by continuity at t = s, where it equals f. For this purpose, we follow the 
same strategy as in the proof of Theorem 12.61 localizing the problem in the ball Bn for any R > 0. 
To make the arguments therein contained work, we need to show that \g nj (t, x)\ < c(t — s) _1 / 2 ||f|| 00 
for any t G (s,s + 1), x G B R , where g nj = -w n .Ar) - 2J x -w nj {Q\7rj) + (rij > M) and 

g is as in the proof of the quoted theorem. The term can be estimated using the proof of 
Theorem 15.31 which shows that ||u„(t, OHc^s^r™) + y/t - s||$„ J x u n (t, •)llc !> (B„;R m ) < c||f||oo for 
any t G ( s,T ) and n G N, and implies that ||\F ni (f, ■)\\c b (B nj ; R m ) < c(f ~ s) _1 ^ 2 ||f ||oo for any j G N. 
As far as the function w nj is concerned, we observe that the operator A satisfies Hypotheses 15.11 
Therefore, yjt - s||i?„V x G® (t, s)g\\ Ch (B n ^) < c||fl r ||c 6 (B n ;R”*) for any t G (s,T) and any g G C c (B n ). 
Differentiating formula El with respect to x, taking the sup norm in B R of both sides, and using 
the previous two estimates, we conclude that 


||^W n .(t,-)|| C!) (B R ) <±\\V x G*(t,s) fi \\c b( B R)+ it f \\V x Gl(t,r^ nj 4r,.)\\ Cbi B R) dr 

„_i J S 


< C 


|f||oo /■* ll’® , ^(r,-)llc b (B„ 3 .;R-) 


y/t — , 


y/t^' 


dr I < c 


y/t — 
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for any t £ (s, T] and rij > R. The wished estimate on g nj follows. Since the above arguments can 
be applied to any convergent subsequence of (w„), the whole sequence (w„) converges to u. 

We now fix * = k in (16.41) and let n —> +oo. Since converges to SG(-,s)f, locally uniformly 
in (s, Too) x R d , as n —> +oo, and ||\H ni j(i, OllcdSn) < c(t — s) _1 / 2 ||f||oo for any t £ ( s,T ), we can 
repeat the same arguments as in Step 1, with G^(t, s ) being replaced by the operator G® ( t , s), and 
complete the proof of (USD. 

Step 3. Let (fj) C Cb(R d ) be bounded sequence and set f ; = fjej. for any j £ N. Without loss 
of generality, we assume that ||/j||oo < 1 for any j £ N. We fix (t, s) £ Ej and so £ [s,f] satisfying 
so — s < ( 8 K)~ 2 , where K is the constant in (16.11) . Since G(so,s) is compact in Cb(R d ;R m ), 
there exists a subsequence (G(so, s)f,o) converging uniformly in R d , as n -> +oo, to some function 
g So £ Gb(R d ;R m ). Clearly, (G(t, s)fj-o )j, converges uniformly to the fc-th component of G(t, so)g So . 
Moreover, recalling that G(t , s) is a contractive evolution operator, we can estimate 


sup 


(G(f,r)(SG(- 1 i)(f j o 


f j° ))( r r)){x)dr 


/ ||(§G(.,s)(f J o -f J o i ))(r,-)||oodr 

J S 

+ A|(SG(-,s)(f j o -fjoJHrrWoodr. 

J Sn 


(6.5) 


Estimate m and our choice of so implies that the first term in the right-hand side of (16.51) does 
not exceed 1/2. On the other hand, Sf(r, •) = §G(-, so)G(so, s)(fjO — fj-o ) and applying (16.11) . with 
G(-,s) being replaced by G(-,So), we estimate the last term in the right-hand side of (16.51) from 
above by c||G(so, s)(fjo — f/oJHoo. Putting everything together, we conclude that 


sup 

xeR d 


(G(t,r)(SG(.,s)(f,o 




- 2 + C II^( S0 ’ 




005 


which, combined with (T3D . (HTTP , shows that \\G(t,s)(fjo-f j o n )\\ 00 < \ + c||G(s 0 , s)(fjO - f/ojlloo- 
The last term in the right-hand side of this inequality vanishes as n,m +oo. Therefore, there 
exists N 0 £ N such that \\G(t, s)(fjo — fjo )|| 00 < 1 for any n,m> Nq. 

Now, we fix si £ (s,f) such that si — s < (16 K)~ 2 and repeat the same construction as above 
with Si replacing So- We thus determine IVi £ N and a subsequence (/ji) of (fj°) suc h that 
||G(t, s)(/ji — fjG )||oo < 1/2 for any m,n > Ni. Iterating this argument, for any h £ N we can 
determine a subsequence ( fjh ) C (/.&- 1 ) and an integer Nh such that 

||G(i, - fjh^ )||oo < 2~ h , m,n> N h . ( 6 . 6 ) 

Now, we are almost done and, to conclude the proof, we consider the diagonal sequence (ipn) with 
f/n = fj% for any n £ N. We claim that G(t, s)i/j n converges uniformly in R d . For this purpose, 
we fix e > 0 and h £ N such 2~ h < e. We also set N = max{/i, Nh}. With this choice of N, and 
recalling that ip n ,ip m 6 (/j/) if n,m> h , from (16.61) we deduce that \\G(t, — '4> m )\\oo < £ for 

any m,n> N, which, clearly, shows that (G(f, s)ijj n ) is a Cauchy sequence. □ 


6.2. Semilinear systems and systems of markovian forward backward stochastic differ¬ 
ential equations. At first, we consider a Cauchy problem for a semilinear system of parabolic 
equations and we show that, under suitable assumptions, it admits a mild solution u. The special 
form of the nonlinear part allows us to connect the Cauchy problem with a system of Markovian 
backward stochastic differential equations (BSDE’s for short); in particular, we prove that a solution 
(Y, Z) to the system of BDSE’s exists, and that it is possible to write this solution in terms of the 
function u. Finally, we investigate the existence of a Nash equilibrium for a non-zero sum stochastic 
differential game. Hereafter, we assume Hypotheses 12.31 


6.2.1. Semilinear systems. In this subsection we deal with the backward semilinear Cauchy problem 

J .D t u(t, x) + (Au)(f, x) = (\F(u))(t, x), t £ [0,T), x £ R d , 

I u(T,x) = g{x), x £ R d , 


(SL-CP) 
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where A is the operator in (11.11) and (\F(u))(t, x) = if(x, y/Q(t, x)J x \i(t, x)) for any t £ [0,T) and 
x £ R d . We assume Hypotheses 15.11 with M = y/Q and the following conditions on g and i/>. 

Hypotheses 6.4. The function g belongs to Cf,(R d ; K. m ) and there exist positive constants c and 
(3 £ (0,1) such that \tp(xi,zi) - ip(x 2 ,z 2 )\ < c(l + \zi\ + |2 2 |)(|xi - x 2 \^ + \zi - z 2 \@) and \if(x, z) \ < 
c(l + \z\) for any x, x\,x 2 £ R d and z, z±, z 2 £ R md . 

Remark 6.5. Without loss of generality, we can suppose that a (see Hvpotheses l2.ll) and /3 coincide, 
and hereafter we simply denote them by a. 

We prove the existence of a mild solution u of (ISL-CPI) . i.e., a function u £ DC t which satisfies 
the equation 

u(t,x) = (G(T-t,0)g)(x)-J (G(T-t,T-s)(*(u))(s,-))(x)ds, (t,x) £ [0,T] x R d , (6.7) 

Here, DCt is the set of all functions u £ Cb([0,T] x R rf ;R m ) D C' 0,1 ^,! 1 ) x R d ;R m ) such that 
||u||3Ct := ||u||oo + [u]gc T := 11 u 11 oq + sup tg[0 T) y/T - t\\y/Q{t, -)(J x u(t, .)) T ||oo < +oo- Moreover, 
G(£, s) is the evolution operator associated with the family {A(T — t) : t £ [0, T]}. 

We first approximate g and -i/> by two sequences (g„) and (t/>("') of globally Lipschitz continuous 
functions, defined as follows: g n {x) := (g n * g)(*) and ^ n \x,z) := * ip){x, z) for any 

n £ N, x £ R d and 2 £ R md , where * denotes the convolution operator, g n (x , z) = , d(n _ 1 |a;|)^(n _ 1 | 2 |) 
for any (x, z) £ R rf x R md , and d : R —> R is smooth and satisfy xb x <d< \b 2 ■ 

The Banach fixed-point theorem yields the existence and uniqueness of a solution u„ to the 
equation dSZD with -i p replaced by i/n") for any n £ N. With some more effort, we then prove that 
there exists a subsequence (u*, n ) C (u„) which converges to a mild solution to (ISL-CPI) . 

Remark 6.6. (i) Since we are assuming Hypotheses 15.11 with M = y/Q , the evolution operator 

G(£,s) satisfies the estimate y/t — s\\y/Q{T — t,-)(J x G(£, s)f) T ||oo < c||f||oo for any 0 < s < 
t < T, f £ Cf,(R d ;R m ) and some positive constant c. From Hypothesis 12.11 we also deduce 
that y/t — s||(Ja;G(t, s)f) T ||oo < cAq 1 ^ 2 IIf lloo for same s and f. 

(ii) The choices of g„ and are also connected with the application to systems of forward 
backward stochastic differential equations (FBSDE’s in short) of the next subsection, where 
we show that the convergence of the subsequence (ufc n ) implies the convergence of a sequence 
of solutions (Yfc n , Zj~ n ), to a family of approximated systems of FBSDE’s, to a pair of processes 
(Y,Z). 

Proposition 6.7. For any n £ N there exists a unique mild solution u„ £ DCt to the Cauchy 
problem (ISL-CPI) . with (xp, g) being replaced by (tp^ n \g n ). Moreover, there exists a positive constant 
K, independent of n, such that ||u„||gc T < K for any n £ N. 

Proof. The proof is classical, hence we do not enter too much in details. To enlighten the notation, 
throughout the proof, we denote by c a positive constant, depending at most on T, which may 
vary from line to line. Since each function ip( n \x, •) is Lipschitz continuous in R md , uniformly with 
respect to a; £ R d , classical arguments, based on the Banach fixed-point theorem and the generalized 
Gronwall lemma, allow us to show that equation (16.71) admits a unique solution, which is defined 
in [0,T] x R d . To prove that sup ngN ||u„||gc T < +oo, we observe that \xp( n \x, z)\ < c(l + |z|) and 
||g n ||oo < c||g||oo for any x £ R d , z £ R md and n £ N. From equation (16.71) . with tp^ replacing ip, 
and Remark RTfiT H we thus deduce that 

VT=t\\y/Q(t, ■)(j x u n (t , -)) T ||oo < Ct(T t)~* Ug^ + C + C ^ II VQ(t, ■) (-W*. ^ 

Jt y/s-t 

for any t £ [0, T). The generalized Gronwall lemma shows that y/T — t\\y/Q(t, ■ )(J x u n (t , -)) T ||oo < c 
for any t £ [0,T). Now, taking the sup-norm (with respect to a; £ R d ) of both the sides of the 
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equation 

u„(i, x) = (G(T — t, 0 )g„)(x) — J (G(T - t,T - s)(^(u n ))(s, -))(x)ds, (t, x) £ [ 0 , T) x R d 

( 6 . 8 ) 

and using this last estimate, we deduce that the sup-norm of u„ in [0, T] x R d is bounded from above 
by a positive constant independent of n 6 N. This completes the proof. □ 

To go further, we need an intermediate result. For any n £ N, we introduce the space 0Cr,n := 
Cb([0, T — nj 1 ] x B nT ; R m ) D C 0,1 ([0, T — nf 1 } x R m ), where ut := [1/T] + n, and the operator 
defined by 

(r (n) (u))(f, x) := (G (T - t, 0)g n )(x) - [ T (G(T — t,T— s)(\\> {n) (u .))(«, -))(*)ds 

J t+rij} 

for any ft, n £ N, any (t, x) £ [0, T — nf 1 } x R d and any u £ DC^- 
Proposition 6.8. Tfte operator is compact from OCt in OCt, n- 


Proof. We fix n £ N and a bounded subset W C OCt . Clearly, we can limit ourselves to proving 
that the integral term G") in the definition of the operator r (r b is compact. For this purpose, we 
claim that the families 0h,i = {D^T^ n \w) : w £ W} (ft = 0,1, i = 1,..., d) are equibounded and 
equicontinuous. Throughout the proof, we denote by c n positive constants, which may vary from 
line to line and depend on n. The equiboundedness of the families Oh,i follows easily from estimates 
m and Remark l 6 . 6 f il. taking into account that \xf^ n \x,z)\ < C( 1 + |z|) for any x £ R d , z £ R md 
and some positive constant independent of n. To prove the equicontinuity of Oh,i, we fix w £ W, 
r, t £ [0, T — nf l ], with t > r, x,y £ B nT and we observe that 

|(BffW(w))(t,x)-(BffW(w))(r,y)| 


<|(Bff^(w))(r,x) - (BffW(w))(r,y)| + 


nt-\-Tlrp ^ 

/ (£>? (G(T - r, T - a)(*W(w))(a, -)))(x)ds 

J r+rirj, 1 


[ T (D?(G(T — t,T — s) — G(T — r,T — a ))(*(">(w)))( S , -))(x)ds 

j t + rim 1 


(6.9) 


for ft, = 0,1 and i = 1,..., d. Theorem lA. 21 shows that, for any convex compact set Kq C R d and any 
S > 0, there exists a positive constant ck 0 ,s such that ||G(-,fi)f|| c i+<,/ 2 , 2 +<»([ t 2 iT ] xX -. K m) < CK- 0 ,<s||f||oo 
for any f £ Cb( R d ;R m ) and any t\,t 2 £ [0, T) such that t 2 — t\> S. Using this inequality and (15.41) . 
for any x £ B nr we can estimate the functions under the integral signs in the right-hand side of the 
previous inequality, respectively, by c n (T—s)~ l ^ 2 for any s £ (r+nf 1 , t+nf 1 ) and by c n (t— r)“/ 2 (T— 
s)~ 1/2 for any s £ (t + nf^^T). Similarly, to estimate the last term in (16.911 we use the estimate 
\(J X D^G(T — r,T — (w))(s, z)\ < c n {T — s ) -1 / 2 which holds true for any s £ {r Pnif 1 ,T) and 

any z £ K. We thus conclude that |(-DlT( n )(w))(i, x) — (B^f ( n ^(w))(r, y)| < c n (y/t — r+\x—y\). We 
have so proved that the families 0h,i (ft = 0,1, i = 1,..., d) are equicontinuous in [0, T —nf 1 ] x B nT . 
Arzela-Ascoli Theorem allows us to conclude that is compact from OCt in 0Ct,u- □ 


Proposition 6.9. Up to a subsequence, (u„) and (J x u„) converge locally uniformly in [0, T] x M rf 
and [0, T) x R d , respectively. If we denote by u the limit of (u„), then u £ OCt and it is a mild 
solution of (ISL-CPI) . 

Proof. Since each operator r*-"' is compact and the sequence (u„), defined in Proposition 16.71 is 
bounded in OCt by a positive constant K , using a diagonal argument, we can define a subsequence 
(ufc n ) C (u n ) such that, for any m £ N, r( m )(ufc n ) converges to some function in Xr,m, as 
n — > +oo. 

Being rather long, we split the rest of the proof in some steps. 

Step 1. Here, we prove that the sequences (r( fcn ) (ufc n )) and (J a; r^ fen )(ufc rl )) converge. Fix ft £ N, 
(t, x) £ [0, T—hf 1 ) x Bh T , and I, n, m £ N such that n,m > I > ft. Then, for 7 = 0,1 and i = 1,..., d 
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we can estimate |D 7 I«M (ufe )-Z> 7 r<‘->(„ fc JI < + + + 

where 


= l(D7r‘“>(ue,))(t,x) - (D7r<*'>(u t „))(t,i)|, 


nf*\t,x) = 


v(m,n 


[ T (D]G(T-t,T-s)[^\u kp )-^\u kp )])(s,x)ds 
Jt+l/kf 




/ _ (£>7G(T-t,r- S )^(*»»)(ufc p ))(a ) *)d a 

" t —I - 1 / fc-n 


©1™’" M = |(G(T-t,0)(gfc„ -gfc m ))(x)|. 

Fix e > 0. Clearly, from the first part of the proof, we conclude that, for any £ £ N, there exists 
Ne, £ N such that < e/5, for any n,m > Ne. 

As far as the term (p = m,n ) is concerned, we observe that from Remark 16.614 1 we obtain 


2,7 

B (/, P)<ct r T ii(^^)(u fc j)( 5 ,.)-(vFfe)( Ufcp ))( s ,. / _ ^ 
*’ 7 _ Its 


(s - 1 ) 7/2 


CT 


fT-S 

Jt 


\\(^\u kp ))( S ,.)-^(n kp ))(s, 

(.s - t ) 7 / 2 


-ds 


( 6 . 10 ) 


for any <5 > 0. Using the estimate | (x, z)\ < c(l+|.z|), which holds for any x £ K d , z £ R md , nSN 

and some positive constant c, we get ||(u^ p (s,-)) — \F^ fcp ^(ufc p (s, •))|| 00 < c(l + (T — s) x t 2 K). 
Therefore, 


Ct 


\\(^(u kp ))(s,-)-(^(n kp ))(s,- 


-ds <c T ( h- 1 - S) 2 VS(2K + y/S), 


Jts (s - ty/1 

for any t £ [0, T — A/ 1 ], provided that S < h^, 1 . 

As far as the second term in the right-hand side of (16.101) is concerned, we first observe that 

\^ n \x, z) — xjj(x, 2 )| < c(l + \z\)n~ a , x £ R d , z £ B n (6.11) 

for any n £ N, as it easily follows from the equality 

if>( n) (x,z) - ip(x,z) = / dyi / Q n (y 1 ,y 2 )('tp(x-y 1 ,z-y 2 )-ip(x,z))dy 2 , x£R d ,z£B n 

J R d J«. md 


and Hypotheses 16.41 Splitting — v|/( fc *) = (\j>( fe P ) _ vj>) _ (\j>( fe U _ \(r) and us i n g (16.111) . we can 

estimate ||(^>( fc U( Ufcp ))( s ,.) - (\j>(M( Ufcp ))(s, •)|| tx) < ckj a (l + K5~ 1/2 ) for any s £ [t,T - 5] and 
k p > k(. > ATd -7 / 2 , and we thus conclude that 



||(^)(u fcp )( s ,.)-(^K P ))( s ,-)ll 

(s - tp/ 2 


ds < c T kJ a {l + KS~i)(T -S- t ) 1 ”*. 


Now, it is easy to check that we can fix S small and £\ large such that 23 ■/ m ' 1 < e/5 and 23^"'* < e/5 
for m,n > £> £\. 

Now we consider C,[ £ / p \ which, thanks again to Remark l 6 . 6 l ih we estimate as follows: 




(t,x) < c T X 0 l/2 



(t — s )~2 (1 + K(T 


- s) 1/2 )ds < c t A 0 2 (1 + y/hrK)kf 1 


for any p > £. Hence, there exists such that G < /' p ' > < e/5 in [0, T — h^ 1 ) x B kT for any p> £ 2 . 

As far as is concerned, since g kn converges to g locally uniformly in R d , from Proposition 

Id.ll Al and Theorem I A. 21 we conclude that there exists £3 £ N such that < e for any 

n,m > £3. Summing up, if m,n > max{A^ lV f 2 , £ 1 , £ 2 ,£ 3 }, then ||r( fe ™)(u fc J - r(M(u fe Jll^ < e, 
and we are done. 
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Step 2. Here, we show that also (ufc n ) converges in Xr,h, for any h £ N. For this purpose, we 
observe that, from (16.81) it follows that u krl = T < ' k,l ' > (u kn ) — £ n , where 

rt-\-l/k n 

8 . n (t,x):=J {G(T-t,T-s){^\u kn )))(s,x)ds, t £ [ 0 , T - h? 1 } x B hr . 

Arguing as we did to estimate the term we conclude that £ n and J x £. n vanish uniformly in 

[0, T — hif 1 ] x Bh T , as n —> +oo. By the arbitrariness of h, we conclude that there exists a function 
u such that Ufc n and J x u kn converges locally uniformly in [0,T) x to u and J x u, respectively, as 
n —> +oo. 

Step 3. Here, we conclude the proof, by showing that u is a mild solution of (ISL-CPI) and u £ DC t- 
Since the sequence (u n ) is bounded in DC t, it follows immediately that u belongs to DC t as well. On 
the other hand, since 

u kn (t,x) = (G(T-t,0)g fc J(®)-^ (G(T - t,T - s)(& k "\u kn )))(s,x)ds (6.12) 

and J x Ufc n (s, •) converges to J x u(s, •) locally uniformly in [0, T) x R d , using Proposition 13.11 and the 
properties of t/A kn \ we deduce that G (T—t, T— s)((\& fe ”(ufc n ))(s, •)) converges pointwise in [0, T)xR d 
to G (T — t,T — s)((\l/(u))(s, •)). Moreover, due again to the estimate \xf^ n \x, z)\ < c(l + |z|), we 
can let n tend to +oo in (16.121) and conclude that u satisfies (ISL-CPI) in [0,T) x R d . Finally, we 
extend u by continuity in T setting u(T, •) = g. This completes the proof. □ 

6.2.2. Systems of markovian FBSDE’s. Here, we study a system of forward-backward stochastic 
differential equations and show that its solution can be written in terms of the mild solution to a 
semilinear Cauchy problem of the type considered in the previous subsection. 

Let (H, £,P) be a complete probability space and let ( W t ) be a d-dimensional Wiener process. 
By (3^) we denote its natural filtration augmented with the negligible sets in £. 

For any p £ [1, + 00 ), we denote by HF and K, respectively, the space of progressively measurable 
with respect to IF^-random processes ( X t ) such that ||A||hp := Esup tg [ 0 T ] \X t \ p < + 00 , and the 
space of all the T^-progressively measurable processes (Y, Z) such that 

||(Y,Z)|| 2 cont :=E sup |Y t | 2 +E T |Z CT | 2 du <+ 00 . 

te[o,T] Jo 

We consider the system (11.61) . with Hj(t, x, z) ■=J2i=iJ2 1 k=i(Bz{t,x)(G(t,x))~ 1 )j k z i:k + il>j(x,z) 
for any j = 1 ,..., m, under the following assumptions. 

Hypotheses 6.10. (i) G, 3 = G 3i £ C£{ 2 ’“([0, T\ x R d ) n Cfc 2 +a ([0, T] x R d ) for some a £ (0,1) 

and any i, j = 1 ,..., d; moreover, the function A <3 is bounded from below by a positive constant; 

(ii) the entries of the vector-valued function b and of the matrices-valued functions Bi (i = 1,d) 
belong to ,a ([0, T] x R d ) n ^ +a ([0, T] x R d ); moreover g £ C b (R d ;R m ); 

(iii) b and the matrices Q = \G 2 ,Bi (i = 1 ,..., d) satisfy the qrowth conditions in Hypotheses 
fOTml. with M = G and J = [0,T]; 

(iv) b and G grow at most linearly as \x\ —> + 00 , uniformly with respect to t £ [0,T], and i/j : 
R d x R md — > R m satisfies the inequalities in Hvvothesis VSA\ with /3 = a. 

We denote by u the mild solution to (ISL-CPI) with C = 0, provided by Proposition 16.91 and state 
the main result of this subsection. 

Theorem 6.11. For any 0 < t < t < T and x £ R d , set Y (r,t,x) := u (t, X(r,t,x)) and 
Z(r,t,x) := G(t, X t (t, t, x))(J x u(t, X(t, t, x))) T . Then, (Y, Z) £ K and (X, Y, Z) is an adapted 
solution to (EH). 

Proof. Throughout the proof, (ufc n ) is the subsequence of (u„) provided by Proposition 16.91 i.e., 
u kn is the unique mild solution to (ISL-CPI) . with C = 0 and g and replaced by g kn and 
respectively. 
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Under Hypotheses 16.101 jib (iv), there exists a unique adapted process (X t ) with continuous 
trajectories such that X T = x + f f T b(a, X a )da + f f T G(a, X a )dW t (see [2U Thm. 3.4.6]). Now 
we fix t G [0,T], x G R d , set X T := X(r,t,x) and, for any r G [t,T], define Y r = u(r,X T ), 
Y*» = u k Jr,X T ), Z T = G(t,X t )(J x u(t,X t )) t and Z*» = G(r,X T )(J x u kn (r,X T )) T . By HU, 
(Y kn , Z kn ) satisfies the equation (recall that gk„ and t/b fcn ) are regular approximations) 

Yr n +J Z* n dW rT = g kn (X T )+j H^X^Z^da, P -a.s., r G [t,T], (6.13) 

Our aim consists in showing that we can let n tends to +oo in both the sides of (16.1311 obtaining 

Y T +J^ Z a dW a = g(X T ) + j HfaX^ZJda 


P-a.s., r G [f, T], 


(6.14) 


Clearly, g*, n converges to g, locally uniformly in R d . Moreover, since Ufc n and J x Uk n converge locally 
uniformly in [0,T) x R d to u and J x u, respectively, Y x n and Z x n converge almost surely in H to 
Y r and Z T , respectively, as n —> +oo. As far as the integral term in the right-hand side of (16. 131) is 
concerned, we begin by observing that 

\^k n {x,zi) - ip(x,z 2 )\ < c(l + |zi| + \z 2 \)(k~ a + \z\ - z 2 \ a ), (6.15) 

for any x G R d , Z\ G B n and z 2 G R md . Moreover, Hypothesis I6.10l ivl implies that H satisfies the 
condition in Hypothesis 16. lOl iv'l with x\ = x 2 = x. Since \Z kn \ V |Z CT | < K(T — cr ) -1 / 2 (where K is 
the constant in Proposition 16.711 . taking n sufficiently large, from (16.1511 we conclude that 

|H fcn (a,X CT ,Z» - H(cr, X a , Z a )\ <c(l + |ZM + |Z <T |)(fc-“ + \G(a,X a )[(J x (u kn - u))(a, X a )] T \ a ) 

P-almost surely, for almost every a G (r, T ) and that the last side of the previous inequality vanishes 
da ® P-almost surely, as n —> + 00 . Moreover, \^k n (,x,z)\ < c(l + |z|) for any x G R d , any z G R md 
and some positive constant c, independent of n , and this shows that |Hfc n (a,X a ,Z k s)\ < c(l + 
K(T — a) J / 2 ). By dominated convergence, we now easily conclude that the integral term in the 
right-hand side of (16.1311 converges P-almost surely to H(ct, X ai Z a )da. 

It remains to prove the convergence of /J Z kn dW a to fj Z a dW a . First, we prove that Z a dW a 
makes sense, since this is not guaranteed by the previous estimates, which show only that the growth 
of Z a can be estimated by (T — cr) -1 / 2 , which is not square integrable in (r, T). For this purpose, 
we show that (Z kn ) is a Cauchy sequence A 2 ((0,T) x H). This is enough to conclude that Z T is 
a square integrable process since Z kn pointwise tends to Z T . Let us set Y^’ := Y kri — Y km , 

X’ m := Z kn - Z km , g"’ m := g k JX T ) - gk m (X T ), K™ ■= H fe „ (^, Z^) - H km (a, X a , Z k ™) 
for any n,m G N and a G [0,T]. Integrating the Ito formula d|Y "'™| 2 = 2(Y"' fc ,H" ,m )dr — 
)dW T 


2{Y n ; rn X' rn 


.— 71 , 771,9 

| Z r \ dr, we obtain 


|Y”’ m | 2 + 


\-= n ,m \2 , I— n.m\2 

\Z a | da= |g T ’ | 


2/ (YT 1 K’ m )da-2 (Y, 


i,m =ra,m, 

r )dW a . 


(6.16) 


Since (Y fc ™, Z fc "), (Y fc ™, Z fc ">) G K, the processes {fj (Y^’” 
Hence, from (16.1611 it follows that 

r T 


2 )dW a : r G [0,T]} are martingales. 


e|y;’ 


■ e 


i da = E|gJ' 


.77,777 I 2 


-2E 


(Y. 


■77,777 r=r=n,m 

H 


)da. 


Note that 


E 


{yT ,K' m )dc 


<E 


sup |Y t 

t£[0,T] 


H”’ m |da < KE / |H”’ m |do 


and, since \ipk n (x, Zi)--ip km (x, z 2 )\ < c(l + |zi| + |z 2 |)(fc“ a -|-fc“ a -|-|zi - z 2 |“) for any a; G R d , Zi G B n 
and z 2 G R md , we can estimate < (1 + |Z*“| + |Z^|)(fc"“ + k~ a + |Zj" - Z*-|“) for any 

km km > K(T — s)- 1 / 2 . From the definitions of Z fcn , z" ,n and the estimate \Z kn (t, a;)|, |Z(t,x)| < 
c(T — t) -1 ' 2 , for any x G t G (0,T) and some positive constant c, which follows from Remark 
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Em by dominated convergence we conclude that, for any e > 0, there exists n £ N such that 
E J Q |Z CT \da < £, for any n,m > n. Similarly, we can show that, for any e > 0, there exists 
h £ N such that E|gJ’ m | 2 < e, for any n,k > h. Hence, (Z fcn ) is a Cauchy sequence in L 2 ((0,T) x 
12), and this implies that f Z a dW a makes sense and that Z kn converges to Z in L 2 ((0,T) x f2). 
Thus, E|jJ 7 (Z^ n — Z cr )dW cr | 2 tends to 0 as n —> +oo. We thus conclude that Z kn dW a tends to 

Z a dW a in P-almost surely. Hence, we can let n —> +oo in (16.131) and deduce that (Y, Z) is a 
solution to (16.141) . Clearly, we have also proved that (Y, Z) £ K. □ 

Corollary 6.12. For any t £ [0, T], the law of the process {Y r } rg [ t t\> obtained as the limit of 
the sequence {YMrdt, t], is uniquely determined, i.e., if ( 12 , T, {3}}, P) and (Cl, T, {T*}, P) are two 
probability spaces, and {Y T } T e[t,T], {Y r }re[t,r] are random processes of Theorem 16.111 related 
respectively to (12, T, {U}}, P) and (12, IF, {3}}, P), then {Y r } Tg r 4 i r], {Y T } Tg r t! 7 'i have the same law. 

Proof. The result is a straightforward consequence of the uniqueness in law of the solutions ( Y kn ) 
of the approximated problems (16.131) . and the P-a.s. convergence of ( Y kn ) to Y. □ 


6.3. Nash Equilibrium for a non-zero stochastic differential game. In this last subsection, 
we adapt our results to obtain the existence of a Nash equilibrium to a non-zero sum stochastic 
differential game. Let (12, £,P) be a complete probability space and let (W t ) be a d-dimensional 
Wiener process. By (3^) we denote its natural filtration augmented with the negligible sets in £. 
Let T > 0, t G [CfT) and x € R d . As in the previous subsection, by (X T = X*’ x ) we denote the 
unique adapted and continuous solution of the stochastic equation 

X t T ' x = x+l b (a,X t a .’ x )da+ [ G(a,X t a ’ x )dW a , P-a.s., t £ [t,T]. 


Jt Jt 

We notice that, exactly as in the previous subsection, the assumptions on b and G , formulated below 
(see Hypotheses 16.141) . imply existence and uniqueness of the solution to the above equation. 

We suppose that m players intervene on a system and, for any player i = 1 ,... ,d, we introduce 
the space of admissible controls U 1 := {u : [0, T] x 12 —> V 1 : u is a predictable process}, where 
V 1 C R are prescribed sets. Moreover, we introduce the space of admissible strategies 11 := 

Given u £ 11, we define 


WV>:=W T -J r(cr, X f f : . u r 


)da, 


( u ) ._ p(u) 


(6.17) 


where p^ u) = exp (J) T r (a, X^ x , u a )da — \ f f T (r(a, X*’ x , Ucr)) 2 da ). Note that is a d-dimensional 
Wiener process with respect to and that X satisfies 

r T r T r T 


X^ = x+ b (<7,Xl’ x )do+ G(a, X t a ’ x )r(a, A‘ ,x , u a )da 


G(a,Xt’ x )dWi u \ (6.18) 


P-almost surely. For any u £ 11, to any player i, a cost functional J l is associated, which depends 
on the strategies of the whole players. More precisely, 

r rT 1 


J\ u) = E (u ) 


/ h l (X s ,u s )ds + g l (X T ) 


i = 1 ,..., m, 


(6.19) 


L^o 


where El u ) is the expectation with respect to P ^ 11 - 1 and h : R. d x 11 — > R m , the running cost, and 
g : — > R m , the terminal cost, are bounded Borel measurable functions. 


Definition 6.13. The strategy H 9 u = (u 1 ,..., u m ) is a Nash equilibrium to problem (I6.18l) - (16.19l) . 
if J l ( u) < J l (u i 1 ,..., u l_1 , u 1 , u 8+1 ,..., u m ) for any u 1 £ U l (i = 1,..., m). 


If u is a Nash equilibrium for i = 1 ,... ,m, then the player i has no earn changing its control u l , if 
the other m — 1 players choose the strategy (ui ,..., Ui-i, Ui+i ,..., u m ). The Hamiltonian function 
H associated to this system is defined by Hi(t,x,z, u) := (z l , r(t, x, u)} + hi(x, u) for any x £ R d , 
2 : £ R md , u £ U (U being the set of all the controls) and i = 1,... ,m. We assume the following 
assumptions on r, h = (hi ,..., h m ) and H. 

















26 


D. ADDONA, L. ANGIULI, L. LORENZI, G. TESSITORE 


Hypotheses 6.14. (i) h £ C b (R d x U; R m ) for some 7 £ (0,1) and r splits into the sum r = 

ri + r 2 , where n £ C[°^ +7 ([0,T] x R d ;R d ) n C b {[0,T] x R d ;R d ) and r 2 £ C 7 ( R d x U;R d ); 

(ii) The functions G, b, Bi := ( Gvi)il m (i = 1,.. ,,d) and Q = i G 2 satisfy Hvvotheses 16.101 

(iii) H satisfies the generalized minimax condition, i.e., for any i = 1,..., m there exists a function 

u £ x R md ;U) (/? £ (0,1)) such that for any t £ [0, T], x £ R d , 2 £ R md and u l £ U 1 

(i = 1,..., m) it holds that 


H l {t , x , 2, u(x, 2:)) < £P(i ; x, 2, m 1 (x, z),.. 


l (x,z), 


-7+1 


(2,2), ... ,u m (x,z 


)), 


P -almost surely in Q. 

Remark 6.15. (i) Since Bi := (Gri)jJ m , the differential operator A in (ISL-CPI) is uncoupled. 

We stress that this is the classical setting: indeed, comparing our situation with the classical 
literature (see e.g., [TTj] QTJ HU HU '5T1. it is possible to see that, in view of applications to 
differential games, the equations of the system of PDE’s are coupled only in the semilinear 
term, while the linear part is the same for any component. 

(ii) The function 1/7 whose components are defined by 1/7(2, z) := (z l , r 2 (x, u(x, z))) + hi(x , u(x, z)) 
for any x £ R d , 2 £ M’ 71 ' 1 and i = 1,..., m, satisfies the Hypothesis IG.lOt iv') with a := /3q. 

(iii) Under Hypotheses 16. 141 Theorem 16.Ill holds true. 


Theorem 6.16. There exists a Nash equilibrium for problem (16.181) - (16.191) . 

Proof. We begin by proving that J 1 (u) < J 1 (u 1 , u 2 ..., u m ) for any u 1 £ U 1 , where u is as in 
Hypothesis [HIIU For this purpose, we fix u l arbitrarily in U l , set u b := {u\, ,. - -, u d ) and observe 

that X T satisfies 

/ T nT nT 

b(cr, X a )dcF + J G(a,X cr )r(a,X cr ,ul)da + J G(a,X a )dW^ u ^ 

for any r £ [t,T], where Wr is as in (16.171) . with u being replaced by u 1 . We now introduce the 
backward system 

Y r + J^ Z a dW a = g(X T ) + j n(a,X a ,Z ai ul)da, 

where H has been introduced after Definition l6.131 By Theorem l6.111 this system admits a solution 
(X, Y, Z). Writing the backward system with respect to W( u \ we get 

Y T + J^ ZrdWj? 1 ) + J Z a r(a,X a ,ul)da = g(X T ) + J H(a, X a , Z a )do. (6.20) 

Note that ^J Q T |Z t | 2 dt^ < +00. Indeed, 

[ Z a dWf^ <2 sup |Y r |+ [ (|Z<r| + |H(ct, X a , Z a )\)dcr. 

Jt tG[0,T] Jt 

Taking into account the Burkholder-Davis-Gundy inequalities (see [221 Thm. 3.28]) and using the 
estimate |H(cr, X a , Z a )\ < |H(cr, X a , 0)| + IZ^] 1-1- ", which follows from Hypothesis 16.141 and Remark 
16.151 we get 

( rp 1 rj-i rp 

f \Z t \ 2 dt] 2 <cE { q1) sup |Y r |+cE (Ql) / (|Z CT | + |H((T,Y CT ,0)|)dCT + cE (Ql) [ \Z a \ 1+ol da 
J 0 / rG[0,T] Jt Jt 


<c(Eg 2 ) 2 ( E sup \Y t \+E (\Z a \ 2 + \U(a,X a ,0)\ 2 )da 

re[0,T] Jr 


+ c(Eq—)^[E \Z a \ 2 da 
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and the last side of the previous chain of inequalities is finite. Hence, taking the conditional expec¬ 
tation in ( 16 . 201 ) with respect to P^ u f and t =t, we obtain 

r nT 


Y t =E (al V(X T )|J t ]+E( Ql ) / [H(u,X ff ,Z CT ,ui)-Z a r(a,X CT ,ui)]dc 


ft 


Adding and subtracting E*- u - 1 
Y 0 = J(u 1 ) + E^ q1) 
= J^+E^ 1 ) 


h(A CT ,u l)da 


ft. 


[H(a,X a ,Z„,)- 


and setting t = 0 , we get 
Z CT r (a, X a ,u*) - h(X a , u^)]dcr 


(H(cr, X a , Z a ) - H(ct, X„, Z a ,ul))do 


( 6 . 21 ) 


L Jo 

where J = (J 1 ,..., J m ). Considering the first component of the first and last side of (16.211) and 
using the minimax condition in Hypothesis 16.14t nib we conclude that Yo,i < J^u 1 ). Applying the 
same argument with u 1 being replaced by u, we get You = -^(u). Moreover, the same procedure 
yields that J fc (u) = Yo.fc < J k (u k ) for any k = 1, ..., m. □ 


7 . Examples 

Here, we provide some classes of operators A to which the results in the previous sections apply. 

Example 7.1. (i) Let Qij = Sij , Bi(t,x) = — 27(1 + \x\ 2 ) r g(t)Bi, C(t,x) = — \x\ 2 (l + \x\ 2 ) p h{t)C 

for any (f, x) £ I x R d , i, j = 1,..., d, where Bi (i = 1,..., d) and C are constant and positive 
definite matrices, g,h £ have positive infimum, g is bounded in /, and p > 2r > 0. We 

observe that X v ,o(t, x) > — (1 + |a:| 2 ) 2 r '||ff ||^ 0 x i l^l 2 +4|x| 2 (l + \x\ 2 ) p h 0 X£ for any tel, 
x e R d , rj e dB i, where Hq denotes the positive infimum of the function h. Since p > 2r, the 
function JC v o(t,-) tends to +oo as \x\ —> +oo, uniformly with respect to tel and rj e dB\. 
Therefore, Hypothesis I2.2f i') is satished with e = 1 and with a suitable choice of the constant 
k. On the other hand, the function ip, defined by <p(x) = 1 + \x \ 2 , for any x e K d , satisfies 
Hypothesis I2.2f iib with e = 1, for any A > 0. 

(ii) Let Q i3 (t,x) = q(t)( 1 + \x\ 2 ) k 5 i3 , B z (t,x) = -b(t)xi( 1 + \x\ 2 ) r I m + b(t)( 1 + |rc| 2 ) p B l and 
C(t , x) = — c(t)(l + |a;| 2 ) 7 C' for any (t , x) e IxM. d and i, j = 1 ,d. Here, q e C' 1 “^ 2 (/)nCh(/), 
the functions b, b and c belong to C^ oc 2 (I) and are locally bounded in /, q and b have positive 
infima and Bi (i = 1 C are constant and positive definite matrices. The exponents 

k,r,p, 7 are nonnegative, r > k — 1 and there exists cr e ( 0 , 1 ) such that 0 < p < ka and 
7 > k(2a — 1). Clearly Hypotheses 12.31' lh (ii) are satisfied. Moreover, since 2\x\ 2 < \x\ 2 + 1 
for any \x\ > 1 , we can estimate ( A(t)p){x) < g(p(x)), for any tel and \x\ > 1 , where 
is as in (i) and g : [ 0 , + 00 ) —>■ R is defined by g(y) = boy r+1 — K for any y > 0 and some 
positive constant K , bo being the infimum of b. Then, Hypothesis 12.df iiil and the assumptions 
of Theorem ro are satisfied, with W = p and g as above. We thus conclude that G(t, s) is 
compact in C{,(]R d ;R m ). 

We now provide a class of operators A whose coefficients satisfy Hypotheses 12.01 and 15.11 

Example 7.2. Let Q(t,x) = q(t)( 1 + |a:| 2 ) fe Qo J b(t,x ) = —b(t)( 1 + \x\ 2 ) p x, Bi(t,x ) = b(t)B 0}i ( 1 + 
|a;| 2 ) r for any ( t,x) e I x where Q 0 is a positive definite matrices, Bo i are constant matrices, 
q,b,b e and b, q are bounded from below by a positive constant. Finally, the entries 

Cij = Cji of the matrix-valued function C belong to C 1 “{ 2 ’ Q (/xR d )nC 1 °4 + “(/xR d ), sup JxR d A c > 0 
and \DiC{t,x)\ < c(l + |a;| 2 ) T for any ( t,x) e I x R d and some c > 0 and r > 0. We take 
M(x) := (1 + |ar| 2 ) s for any x e R d and some constant 0 < s < 1/2 and we set a = p, if s < 1/2 and 
a = p — 1 if s = 1/2. We further assume that k > 2r, 2k — 2 < a, 2s + 2r < a, 2r < 2s + a and 
k + s < p + 1. Straightforward computations show that 

Am (t,x) < - b(t)(l + |x| 2 ) p_1 (l + \x\ 2 - 2s\x\ 2 ) 


















28 


D. ADDONA, L. ANGIULI, L. LORENZI, G. TESSITORE 


- 2s(l + \x\ 2 ) k 2 q(t)(Ti-(Q 0 )(l + \x\ 2 ) + 2(s - l)(Q 0 {x)x , x)) < -c(l + \x\ 2 ) a , 

for any ( t,x ) £ I x R d . The functions i/)j (j = 1,... ,5) satisfy the following conditions: ipi(t,x) = 
0{\x\ 2r ), if 2 (t,x) = 0(|a;| 2r_1 ), ip 3 (t,x) = 0(|a:| 2T ), ^4 = 0, ip 5 {t,x) = 0(|:r| 2s_1 ) and ipe(t,x) = 
0(|x| 2fe_1 ), as \x\ —> + 00 , uniformly with respect to t £ J C I, where J is an arbitrary bounded 
interval. Hence, conditions (15.ID - (15.31) are easily satisfied. As it is easily seen, also Hypothesis 12.31 iil. 
(iii) are satisfied with a = 1/2 and <p(x) = 1 + \x\ 2 for any x £ R d . 

The conditions on the growth of the coefficients of the operator A can be weakened if we assume 
that M = I. As it has been stressed in Remark 15.41 in this case we have to assume only the first 
condition in m, the second one in m and all but the last condition in m- This provides us 
with the following conditions on a (hence p), k , r and r: 2r < k < p + 1, 2r < p, p > 2 r. 

Appendix A. A priori estimates for solutions to parabolic systems 

In this appendix we prove some a priori estimates for classical solutions to nonautonomous par¬ 
abolic equations associated with a system of elliptic operators as in cm whose coefficients satisfy 
Hypotheses 12.11 To enlighten the notation, we set || • = || • ||c' l (B K ;K fc ) f° r an y £ N U {0} and 

k € N, R > 0. Moreover, for any a, /? > 0, we denote by || • \\ a> p the norm of the space C a,/3 ([s, T] x H), 
when fl is a domain of R m (possibly, H = R m ). Finally, for any a > 0, we denote by || • || Q the 
Euclidean norm in C“ (R h ) when h € {1, 0 ?}. 

We recall that, for any 0 < a < 9 and any bounded domain H of class C e , there exists a positive 
constant c such that 

l|f|lc“(f2;R fc ) — C l|f ll°° ^ ll^llc'’(n;R' e )’ ( A 'l) 

for any f G C e (Q;R k ) {k > 1). (The same estimate holds true with H = R fe .) Moreover, if 
T £ £(C7(n;R fc );Cf(n ; R fc )) H £(^(0; K fe ); R fe )) for some /3,6» > 0, then T is bounded from 
Cg(fi; R fe ) to CP(fl; R fc ), for any a £ (0, 6) \ N, and 

11 *^11 £ (Cq (fi;R fc ); C& (fi;R fc )) ^ limi £( c(n; R fc) ; c/3(n;R^))ll T ll-C(C’ 0 e (n;R'=);C3(n;R'“))' ( A ' 2 ) 

Proposition A.l. Let H C R d be an open set, T > s G I, and u G Cb([s, T] x f2; K“)nC 1,2 ((s, T ) x 
H; R m ) satisfy the equation D t u = Au+g in (s, T) x fl for some g G C“/ 2 ’“((s, T ) x Cl; R m ). Further, 
assume that the function 1 1 —>■ (t —s)||u(t, -)llc^(n;R m ) hounded in ( s,T). Then, for any R\ > 0 and 
any xq £ Cl, such that B^^xo) <s Cl, there exists a positive constant c = c(R±, \q, s,T) such that, 
for any t G (s,T), 

(t - s)\\D 2 x u(t, ■)IU~(BH 1 (*o);R m ) + Vt~S || J x u(t, ') III/ 00 (Br 1 (x 0 );R m ) 

^ C (ll U llc 6 ([s,T]xn;R”“) + l|g|lc“/ 2 .“((s,T)xn;R m ))- ( A -3) 

Proof. Throughout the proof, we denote by c a positive constant, which can vary from line to 
line, may depend on Ri and T, but it is independent of n. Up to a translation, we can assume 
that lo = 0. We fix Ri as in the statement and R 2 such that Br 2 (x 0 ) <S= Cl. Then, we define 
r n := 2Ri — R 2 + (R 2 — Ri)Y^k=o^~ k f° r an y b £ N U {0}. Further, we consider a sequence 
($„) C C£°(R d ) of functions satisfying \B n < ‘d n < XB n+1 for any n £ N. As it is easily seen, 
ll^nllcjCR- 4 ) < 2 kn c for any k = 0,1,2, 3. Let us set u„ := t^u and observe that each function 
u„ vanishes on [s,T] x dB rn+1 {x 0 ) and D t u„ = Au„ + g„ in (s,T) x B rn+1 (x 0 ), where g„ = 
•& n g — Tr(QD 2 d n )u— 2{J x u)Q\7'd n — 1 Dj^nBj u. In view of the variation-of-constants-formula 

it thus follows that 

u(t,x) = (G® +1 (t,s)i? n u(s,-))(x) + f (G® +1 (t, r)g„(r, -))(x)dr, t £ [s,T], x £ B rn , 

J S 

It is well known that (t - s)||G® +1 (t, s)h|| 2ia;o ,r n+ i < cj|h||o, rn+1 and yjt - s||G® +1 (t, s)k|| 2 ,r„ + i < 
c||k||i i7 . n+1 for any t £ (s,T), any n £ N and any h £ C(B rn+1 ; R m ), k £ Gq (H r „ +1 ; R m ), respectively. 
Note that the constant c in the previous two estimates is independent of n since it depends on the 
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ellipticity constant of the operator A and on the Holder norms of its coefficients in (s, T) x B rn+1 (xo), 
which can be estimated in terms of the same norms taken in (s,T) x Br 2 (x o). 

Estimate (1A.2I) . with 9 = 1, /3 = 2, 7 = G® +1 (£, s), yields that (t — s) 1- ^ ||G® +1 (t, s)p\\ 2 ^ rn+1 < 
c IMIa,r„ + i for any p £ Cff(B rn+1 ;R m ) and t £ (s,T). Since g„(<v) £ Ctf(B rn+1 ;R m ) for any 
<r £ (s, s + 1), we can estimate 


(*-■ 


i(V) 


< Cllulloo + C 


J S 


— 1 +^ i 


gn(cr,') 


idcr, 


t £ (s, T). 


(A.4) 


Note that ||g„(cr, ■)|| a , rn + 1 < c||i?„|| 2 +a ,r n+ i(||u(cr, ■)||i+c.,r „ +1 + ||g(av)||a,r n+1 ) for any cr £ (s, T). 
Using (IA.1I) and Young inequality, for any a £ (s, T), e > 0 and n £ N we can estimate 


|u(<v)||l,r„ +1 < c(cr-s) 2 || u|| ScCn+l < ( CT ~ S ) 2 (c£ || u|| oo + eCn+ 1 ) 


||J x u(f7, -)||a,r n+ i < c(a 


s) 


q+i 

2 


u||oo 2 Cn+1 < (o- 


- 1+2 
(c£ 1 “° 


U 


+ ^Cn+l)- 


where := sup CTe ( 5 T )(cr — s) ||u(cr, •) || 2 ,-r-^ - Since ||'d n |lci( +a (R <i ) < c 8 ra for any n £ N, from these 

last three estimates we conclude that ||g„(cr, • )||a,r n+1 < 8 "(cr - s) 1 (c£ Ilulloo -£ eCn+l) + 
c 8 n ||g(<r, Olkzo.r-n+i for an Y a £ (s, s + 1) and e > 0. Replacing this estimate into (1A.4I) yields 

Cn ^cllulloo+ 8 n c Ilulloo+eC„+i + ||g|U/ 2 ,a) , n £ N, ££(0,1). (A.5) 

Let us fix 77 £ (0, 64 -1 /( 1- “)) and e = 8 _n c _ 1 77- Multiplying both sides of (I A. 51) by 77 " and summing 

from 1 to N £ N, we get Co-^^Ov+i < c||u||oo J2k=o 64T^77 fc + c||g|| a/2ia J2k=o( 8r l) k < cOH^T 
l|g|U/ 2 ,a)i since both the two series converge, due to the choice of 77 . To conclude, we observe 
that t) N+1 (n + i tends to 0 as N -7- + 00 . Indeed, by assumptions, (n+i is bounded, uniformly 
with respect to N. It thus follows that r] n+1 ( n+ i vanishes as n —> + 00 . We have so proved that 
(t- s)||u(t, *)|| 2 ,xo,-Ri < c(||u||oo + ||g|U/ 2 ,a) for any t £ (s,T). Again, estimate (IA.1I) implies that 

H4u(t,-)||o ,xo,Ri — c||u(*.')llSS ! o,fl 1 ll u (t.-)ll 2 S ! o,fl 1 for any t £ (s,T), and this allows us to complete 
the proof of (IA.3I) . □ 


Theorem A.2. Fix T > s £ I and let u £ G 1 ^“' /2 ’ 2+ “((s, T] x R d ;M m ) satisfy the differential 
equation D t u = Au + g in (s,T] x for some g £ T] x R d ;R m ). Then, for any 

t £ (0, T — s) and any pair of bounded open sets Hi and fi 2 such that Hi <g H 2; there exists a 
positive constant c, depending on Hi,H 2 ,t, s,T, but being independent of u, such that 

ll u llc 1 +“/ 2 . 2 +“((s+r,T)xn 1 ;R m ) < c (ll u llc6((s+T/2,T)xn 2 ;R m ) + l|g|lc“/ 2 .“((s+-r/2,T)xn 2 ;R m ))- (A-6) 

Moreover, for any bounded set J C I and any 5 q > 0, the constant c depends on So but is independent 
of (s,T) £ J x J such that T — s > <5q ■ 


Proof. The main step of the proof consists in showing that, for any xo £ Hi and any r > 0, such 
that B 2r (xo) <e fi 2 , estimate (IA.6I) is satisfied with Hi = B r (x o) and fi 2 = B 2r (xo). Indeed, once 
this latter estimate is proved, a covering argument will allow us to obtain easily estimate M - So, 
let us prove (TOl) with Hi and H 2 as above and xo = 0 (indeed, up to a translation, we can reduce 
to this case). Throughout the proof, we denote by c a positive constant, independent of u, g and n , 
which may vary from line to line. For any ti £ N, t £ R and x £ R d , set 


<p n (t) = tp 


t S fn+l\ 
tn tn+l J 


7 ?„(x) = d 



|x| - r n \ 
r n +1 -r n ) 


where p,d £ C°°(K) satisfy X[2,oo) < V < X[i,oo) and X(-oo,i] < $ < X(-oo, 2 ], = (2 - 2 n )r 

and t n = (2 _1 + 2 _n_1 )r, for any n £ N. For any ti £ N, the function v„ := upndn vanishes at 
t = s and satisfies D t v n = Av n + g„, where g„ = p n d n g - p n uTT(QD 2 d n ) - d n Y/j=i D : fd n B :j u - 

2p n (J x u)Q\/i9 n + ip' n d n u and A is a nonautonomous elliptic operator with bounded and smooth 
coefficients, which coincides with the coefficients of the operator A in [s,T] x B 2r (recall that v„ is 
compactly supported in [s,T] x B 2r ). 
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By well known results, ||v„||i +a / 2 , 2 +a S c l|gn||a/ 2 ,a and, for any J and So as in the statement, 
the constant c is independent of (s,T) £ J x J such that T — s > Sq. Estimating ||gn|| a / 2 ,a, we get 

ll v n|| l+a/2,2+a <c||-dn||3||^l|2(||u|| c . Q /2,i+ Q (( s+t „ +1 ,T)xB r . rl+1 ;R™) + l|g|lc“/ 2 .“(0+tn+i ,T) xB r „ +1 ;R™)) 

<2 5n c(||v„ + i|| a / 2 ,a + ||^V„ + i|| a / 2 , a + ||g||c“/ 2 .“((s+r/2,T)xB 2 r;R m ))' A-7) 

Now, using (I A. ID we get ||C||a < c(e~i- k± ^ ||C||oo+e||CI| 2 +a) (j = 1,2) and ||i/>|U/ 2 < c(£-*||V>|| 0 o+ 
^ll^lli+a^) for an y C G C 2+a (]R d ; R m ), i/j £ C'^ + “^ 2 ([s,T];K m ), e(0,1) and some positive constant 
c independent of e. Applying these estimates to v n+ i, we deduce that 

II^ti +1 |[a/2,a - t _ ||<7 3 :^n+l ||o,a ^ ^(e||V n _|_r || l+a/ 2 , 2 +a +e (1+a) ||v„ + i|| 00 ), £ € (0,1) n £ N. (A.8) 

To estimate the a/2-Hdlder norm of the function J x v n+ i(-,x) for any x £ K d , we observe that 
v„+i G Lip([s,T], C“(R";R m )) and ||v n+ i|| L ip < c||v„ +i ||i+«/ 2 , 2 +«- Indeed, writing 

rt2 

v n+1 (t 2 ,x) - v n+ i(fi,x) = / D t v n+1 (cr,x)dcr, h,t 2 £ [s,T ], x G M d , 

Jt\ 

we easily deduce that ||v n +i(t 2 ,-)- v n+i(*i, OIU < c||Av n+ i||o >a |t 2 -ii| for anyti,t 2 G [s,T], Since 
the function v n +i is bounded in [s,T] with values in C 2+a (R d ), by interpolation we get 

l+q i-q= 

||v n +i(t 2 ,-) - V n+1 (ti,-)||l <c||v n+ i(ti,-) - v„ + i(t 2 ,-)|| Q 2 ||v n+1 (t 2 ,-) - v„+i(ti,-)|| 2 + a 

<c||v 

n+l||l+a/2,2+a|^2 — il| 2 

for any t\,t 2 G [s,T]. This shows that J x v„ + i G C'^ 1+a ^ 2,0 ((s,T) x R d ;R md ) and 

||'7a:V7i+l||(l+a)/2,0 ^ c ll v ra+l || l+a/2,2+a • (A.9) 

Using the interpolative estimate ||-0IIa /2 < c(e||V , ll(i+a )/2 + £ _a ||V , ||oo), which holds for any 
£ G (0,1) and any i/> G C'^ 1+ “^ 2 ([s, T];K m ), (IA.8I) and (IA.9I) . we obtain that 

|| Jx^n+l ||a/ 2 ,a — ^(£||v n _^i || 1+01/2,2+0 T ^ ^ ^ || ^n +1 ||oo “b £ || Jx^n+l ||oo) ■ (A. 10 ) 

Now, IITzVn+illoo < <5||v w +i||o, 2 +ct + ^“^llvn+illoo for any S G (0,1). Choosing S = e 1+a and 
replacing this e stima te in (I A. 101) . we get || J x v n+1 || a / 2 , 0 < c(£||v n +i||i +a / 2)2 + a + £ _(1+a) ||v„+i|| 00 ). 
This estimate, (IA.7I) and (IA.8I) yield that 

ll v n||l+a/2,2+a < 2 5 ”c(£|| V n+ i ||l+ a / 2 ,2+a + e ^ 1+ °^ || V„+i ||oo + II g|| C“/ 2 ’“ ((s+r/2,T) X B 2r .;R m ) ) i 

for any £ G (0,1). We fix r] G (0, 2 _5 ( 2 +“)) and choose £ = e n = 2~ 5n c~ 1 T]] from the previous 
estimate we obtain („ < {rj( n+1 + 2 5n(2+ “ ) c||u|| Cli((s+T/2)xB2r) + 2 5n c||g|| C£ «/ 2 , £ , ((s+T/2!T)xB2r . R m ) ), 
where ( n = ||v n || 1+a / 2i2+a . Now, we can proceed as in the proof of Prouosition lA.il □ 
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